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Abstract 

We consider a system of d non-linear stochastic heat equations in spatial dimension 
1 driven by d-dimensional space-time white noise. The non-linearities appear both 
as additive drift terms and as multipliers of the noise. Using techniques of Malliavin 
calculus, we establish upper and lower bounds on the one-point density of the solution 
u{t, a;), and upper bounds of Gaussian-type on the two-point density of (it(s, y), u{t, x)). 
In particular, this estimate quantifies how this density degenerates as {s,y) {t,x). 
From these results, we deduce upper and lower bounds on hitting probabilities of the 
process {u{t , x)}t^R_^_^xe[o,i] j terms of respectively Hausdorff measure and Newtonian 
capacity. These estimates make it possible to show that points are polar when d > 7 
and are not polar when d < 5. We also show that the Hausdorff dimension of the range 
of the process is 6 when d > 6, and give analogous results for the processes t u(t, x) 
and X 1-^ u{t, x). Finally, we obtain the values of the Hausdorff dimensions of the level 
sets of these processes. 
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1 Introduction and main results 



Consider the following system of non-linear stochastic partial differential equations (spde's) 

-Q^it,x) = -g^it ,x) + Y,'^ijHt ,x))W^ (t ,x) + hiuit ,x)), (1.1) 

i=i 

for 1 < i < d, t £ [0 ,T], and x £ [0,1], where u := (ui , . . . ,Ud), with initial conditions 
u{0 ,x)=0 for all x G [0,1], and Neumann boundary conditions 

^(t,o) = ^(M) = o, o<t<r. (1.2) 

Here, W := {W^ W"^) is a vector of d independent space-time white noises on [0 , T] x 
[0,1]. For all l<i,j <d, aij are globally Lipschitz functions. We set b = {hi), 

a = {(Jij). Equation (jl.ip is formal: the rigorous formulation of WALSH |W86] will be 
recalled in Section [2l 

The objective of this paper is to develop a potential theory for the M'^-valued process 
u = {u{t,x), t > 0, X E (0, 1)). In particular, given A C W^, we want to determine whether 
the process u visits (or hits) A with positive probability. 

The only potential-theoretic result that we are aware of for systems of non-linear spde's 
with multiplicative noise {a non-constant) is Dalang and Nualart |DN04] . who study 
the case of the reduced hyperbolic spde on (essentially equivalent to the wave equation 
in spatial dimension 1): 

where t = {ti ,12) £ M+, and XI = if tit2 = 0, for all 1 < f < d. There, Dalang and 
Nualart used Malliavin calculus to show that the solution (Xt) of this spde satisfies 

K-^Capa_4{A) < P{3t G [a,bf : Xt £ A} < KCapa-M), 

where Cap^ denotes the capacity with respect to the Newtonian /^-kernel (see ()1.6p ). 

This result, particularly the upper bound, relies heavily on properties of the underlying 
two-parameter filtration and uses Cairoli's maximal inequality for two-parameter processes. 

Hitting probabilities for systems of linear heat equations have been obtained in Mueller 
AND Tribe |MT03j . For systems of non-linear stochastic heat equations with additive noise, 
that is, a in (jl.ip is a constant matrix, so (jl.ip becomes 

^(t,x) = ^(i,x) + ^aijVi^^(t,x)+6,(n(t,x)), (1.3) 

estimates on hitting probabilities have been obtained in Dalang, Khoshnevisan and 
Nualart [DKN07j . That paper develops some general results that lead to upper and lower 
bounds on hitting probabilities for continuous two-parameter random fields, and then uses 
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these, together with a careful analysis of the linear equation (6 = 0, cr = Id, where Id 
denotes the d x d identity matrix) and Girsanov's theorem, to deduce bounds on hitting 
probabilities for the solution to p.3|) . 

In this paper, we make use of the general results of [DKN07j . but then, in order to handle 
the solution of we use a very different approach. Indeed, the results of [DKN07j require 
in particular information about the probability density function pt^x of the random vector 
u{t,x). In the case of multiplicative noise, estimates on pt^^ can be obtained via Malliavin 
calculus. 

We refer in particular on the results of Bally and Pardoux |BP98j . who used Malli- 
avin calculus in the case d = 1 to prove that for any t > 0, k £ N and < xi < • • • < < 1, 
the law of {u{t , xi), . . . , u{t , Xk)) is absolutely continuous with respect to Lebesgue measure, 
with a smooth and strictly positive density on {a ^ 0}^, provided a and b are infinitely 
differentiable functions which are bounded together with their derivatives of all orders. A 
Gaussian-type lower bound for this density is established by Kohatsu-Higa |K03) under 
a uniform ellipticity condition. MORIEN [M98] showed that the density function is also 
Holder-continuous clS Si function of (t ,x). 

In this paper, we shall use techniques of Malliavin calculus to establish the following 
theorem. Let pt,x{z) denote the probability density function of the M'^-valued random vector 
u{t,x) = {ui{t , x) , . . . , Ud{t , x)) and for {s,y) 7^ {t,x), let ps^y^t,x{zi, Z2) denote the joint 
density of the M^'^-valued random vector 

{u{s,y),u{t,x)) = {ui{s ,y), . . . ,Ud{s ,y),ui{t ,x), . . . ,Ud{t ,x)) (1.4) 

(the existence of Pt,xi') is essentially a consequence of the result of Bally and Pardoux 
|BP98j . see our Corollary 14. 3| the existence of Ps,y;t,x{-i •) is a consequence of Theorems 13.11 
andE^D- 

Consider the following two hypotheses on the coefficients of the system p.ip : 

PI The functions CTij and bi are bounded and infinitely differentiable with bounded partial 
derivatives of all orders, for 1 < i, j < d. 

P2 The matrix a is uniformly elliptic, that is, ||<7(x)^|p > > for some p > 0, for all 
X G M"^, ^ G R'^, ll^ll = 1 (II • II denotes the Euclidean norm on M'^). 

Theorem 1.1. Assume PI and P2. Fix T > and let I C (0,r] and J C (0,1) be two 
compact nonrandom intervals. 

(a) The density pt.xiz) is uniformly bounded over z G M'^, t G / and x G J. 

(b) There exists c > such that for any t £ I , x € J and z G M"^, 

PM(^)>ct-'^/^exp(-M!). 

(c) For all r] > 0, there exists c > such that for any s,t G I , x,y G J , {s, y) / {t, x) and 

Ps,yM^U Z2) <c{\t- .1 V2 + 1^ _ y\)-i'i+V)l2 ^^J_^\5l_^ \ . (I.5) 

V c[\t- s\^l^ + \x-y\)J 



3 



(d) There exists c > such that for any t I , x,y J , x y and zi,Z2 G M*^, 



Pt,y;t,x{^l^^2) <c{\x -y\) ' exp 

The main technical effort in this paper is to obtain the upper bound in (c). Indeed, 
it is not difficult to check that for fixed {s,y; t,x), {zi,Z2) i— > Ps,y;t,x{zi, Z2) behaves like 
a Gaussian density function. However, for {s,y) = {t,x), the M^'^-valued random vector 
{u{s , y),u{t , x)) is concentrated on a d-dimensional subspace in R^*^ and therefore does not 
have a density with respect to Lebesgue measure in R^'^. So the main effort is to estimate 
how this density blows up as {s,y) it,x). This is achieved by a detailed analysis of 
the behavior of the Malliavin matrix of {u{s , y),u{t , x)) as a function of (s, y; t, x), using a 
perturbation argument. The presence of r/ in statement (c) may be due to the method of 
proof. When t = s, it is possible to set r/ = as in Theorem ll.lf d). 

This paper is organized as follows. After introducing some notation and stating our main 
results on hitting probabilities (Theorems II. 21 and II. 6p . we assume Theorem 11.11 and use the 
theorems of |DKN07] to prove these results in Section [2l In Section [Sj we recall some basic 
facts of Malliavin calculus and state and prove two results that are tailored to our needs 
(Propositions [3l4l and 13 . 5]) . In SectionHl we establish the existence, smoothness and uniform 
boundedness of the one-point density function pt^x, proving Theorem 11.1( a). In Section O 
we establish a lower bound on pt^x, which proves Theorem 1 1.1( b). This upper (respectively 
lower) bound is a fairly direct extension to d > 1 of a result of Bally AND Pardoux [ BP98] 
(respectively Kohatsu-Higa [K03J) when d = 1. In Section [6l we establish Theorem 1 1.1( c) 
and (d). The main steps are as follows. 

The upper bound on the two-point density function ps,j/;t,a: involves a bloc-decomposition 
of the Malliavin matrix of the R^'^-valued random vector {u{s,y), u{s,y) — u{t,x)). The 
entries of this matrix are of different orders of magnitude, depending on which bloc they 
are in: see Theorem 16.31 Assuming Theorem 16. 3( we prove Theorem 11.1( c) and (d) in 
Section 16.31 The exponential factor in (jl.Sp is obtained from an exponential martingale 
inequality, while the factor (\t — -|- \x — y|)~('^+^)/2 comes from an estimate of the 
iterated Skorohod integrals that appear in Corollary 13.31 and from the block structure of 
the Malliavin matrix. 

The proof of Theorem l6.3l is presented in Section [6.41 this is the main technical effort in 
this paper. We need bounds on the inverse of the Malliavin matrix. Bounds on its cofactors 
are given in Proposition [631 while bounds on negative moments of its determinant are given 
in Proposition 16.61 The determinant is equal to the product of the 2d eigenvalues of the 
Malliavin matrix. It turns out that at least d of these eigenvalues are of order 1 ("large 
eigenvalues") and do not contribute to the upper bound in (jl.5p . and at most d are of the 
same order as the smallest eigenvalue ("small eigenvalues"), that is, of order |i— ?/|. 
If we did not distinguish between these two types of eigenvalues, but estimated all of them 
by the smallest eigenvalue, we would obtain a factor of (|t — -|- |x — y\)~'^^'^^'^ in (jl.Sp . 
which would not be the correct order. The estimates on the smallest eigenvalue are obtained 
by refining a technique that appears in |BP98| : indeed, we obtain a precise estimate on the 
density whereas they only showed existence. The study of the large eigenvalues does not 
seem to appear elsewhere in the literature. 
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Coming back to potential theory, let us introduce some notation. For all Borel sets 
F C W^, we define ^{F) to be the set of all probability measures with compact support 
contained in F. For all integers k > 1 and /i S ^(U.^), we let If3{fJ.) denote the (3 -dimensional 
energy of /x, that is, 

IpilJi) ■.= 11 Kp{\\x-y\\)^Ji{dx)^l{dy), 



where ||x|| denotes the Euclidian norm of x G M'^, 

{r-f^ if /? > 0, 

\og{N^/r) if/3 = 0, (1.6) 
1 if /3 < 0, 

and A'o is a sufficiently large constant (see Dalang, Khoshnevisan, and Nualart 
|DKNn7[ (1.5)]. 

For all /3 G M, integers k>l, and Borel sets F (ZM!^ , Cap^(-F) denotes the (3 -dimensional 
capacity of F, that is. 



Cap^(F) := 



inf 1/3 (^) 



where l/oo := 0. Note that if /? < 0, then Cap^(-) = 1. 

Given /? > 0, the /3-dimensional Hausdorff measure of F is defined by 

{oo oo ^ 

V(2r,)^ :FC MB(x,,r,), supr, <el, (1.7) 
^=l i=i J 

where B{x , r) denotes the open (Euclidean) ball of radius r > centered at x G W^. When 
/3 < 0, we define J^/3{F) to be infinite. 

Throughout, we consider the following parabolic metric: For all s,t £ [0 , T] and x,y £ 
[0,1], 

A{it,x);{s,y)) := \t - s\^l^ + \x - y\. (1.8) 

Clearly, this is a metric on which generates the usual Euclidean topology on M^. Then 
we obtain an energy form 

I^{^J) -.= 11 KpiA{{t,x);{s,y)))fiidtdx)f,idsdy), 

and a corresponding capacity 



Cap^(F) : = 
For the Hausdorff measure, we write 



-1 

inf I^ifi) 



=^/'(F)= hm ini\Y,{2r,f ■.F<z[jB'^{{t,,Xi),ri), supr, <ei, 



5 



where B^{{t,x) ,r) denotes the open A-ball of radius r > centered at {t,x) G [0,T] x 
[0,1]. 

Using Theorem fTTTl together with results from Dalang, Khoshnevisan, and Nualart 
|DKN07j . we shall prove the following result. Let u{E) denote the (random) range of E 
under the map {t,x) i— > u(t,x), where E is some Borel-measurable subset of M^. 

Theorem 1.2. Assume PI and P2. Fix T > 0, M > 0, and r] > 0. Let I C {0,T] and 
J C (0, 1) be two fixed non-trivial compact intervals. 

(a) There exists c > depending on M, I, J and r] such that for all compact sets A C 
[-M, M]'^, 

Caprf_6+^,(^) < P{u{I X J) n A # 0} < c.^d-6~v(A)- 

(b) For all t € (0,T], there exists ci > depending on T, M and J, and C2 > depending 
on T, M , J and rj > such that for all compact sets A C [— M, M]'^, 

ci Caprf_2(^) < PM{t} X J) n A / 0} < C2 M'd-2-^{A). 

(c) For all x £ (0, 1), there exists c > depending on M, I and r] such that for all compact 
sets A C [-M,MY, 

c-i Cap^„4+^(^) < P{u{I X {x}) n A / 0} < cJlfd-A-v(.A)- 

Remark 1.3. (i) Because of the inequalities between capacity and Hausdorff measure, 
the right-hand sides of Theorem II . 2 1 can be replaced by cCap^„g_^(j4), cCap^_2-r]iA) 
and cCaprf_4_^(^) in (a), (b) and (c), respectively (cf. Kahane |K85l p. 133]). 

(ii) Theorem 11.21 also holds if we consider Dirichlet boundary conditions (i.e. Ui{t,0) = 
Ui{t, 1) = 0, for t G [0,T]) instead of Neumann boundary conditions. 

(iii) In the upper bounds of Theorem II. 2 1 the condition in PI that a and b are bounded 
can be removed, but their derivatives of all orders must exist and be bounded. 

As a consequence of Theorem 11.21 we deduce the following result on the polarity of 
points. RecaU that a Borel set A C M'^' is called polar for u if P{n((0,r] x (0,1)) n A / 
0} = 0; otherwise, A is called nonpolar. 

Corollary 1.4. Assume PI and P2. 

(a) Singletons are nonpolar for (t, x) i— > u{t, x) when d < 5, and are polar when d > 7 
(the case d = 6 is open). 

(b) Fix t £ (0, T]. Singletons are nonpolar for x i— > u{t,x) when d = 1, and are polar 
when d> 3 (the case d = 2 is open). 

(c) Fix X G (0, 1). Singletons are not polar for t i— > u(t, x) when d < 3 and are polar when 
d > 5 (the case d = 4 is open). 
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Another consequence of Theorem 11.21 is the Hausdorff dimension of the range of the 
process u. 

Corollary 1.5. Assume PI and P2. 

(a) Ifd>6, then dim^{u{{0,T] x (0,1))) =6 a.s. 

(b) Fix teR+. Ifd> 2, then dim^{u{{t} x (0, 1))) = 2 a.s. 

(c) Fix X G (0, 1). Ifd> 4, then dimjj(n(M+ x {x})) = 4 a.s. 

As in Dalang, Khoshnevisan, and Nualart |DKN07j . it is also possible to use 
Theorem 11.11 to obtain resuhs concerning level sets of u. Define 





u) 


■.= {{t,x) 


£l X J 


u{t , x) = z} , 


^{z 


u) 


= {t£l : 


u{t , x) -- 


= z for some x G J} 


3^{z 


u) 


= {x £ J 


u{t , x) 


= z for some t G /} 




u) 


■.= {t£l 


u{t , x) 


= 4, 


^\z 


u) 


■.= {x £ J 


: u{t,x) 


= z]. 



We note that ^{z ; u) is the level set of u at level z, ,'^{z ; u) (resp. ; u)) is the projection 
of .if (z ; u) onto / (resp. J), and .^x{z ; u) (resp. ^*(z ; n)) is the x-section (resp. t-section) 
of ^(z;n). 

Theorem 1.6. Assume PI and P2. T/ien /or all r] > and R > there exists a positive 
and finite constant c such that the following holds for all compact sets E C (0, T] x (0, 1), 
FC (0,r], GC (0,1), and for all z e B{0 , R): 

(a) c-i Capg+^)/2(^) < n-^i^ ■,u)nE^0}< c.J^-^f_^y,{E); 

(b) c-iCap(rf_2+,,)/4(^) < P{=^(^ ;n) n F / 0} < c^rf_2-„)/4(i^); 

(c) c-iCap(,_4+^)/2(G) < P{jr(z;n) nG / 0} < c^,_4_,)/2(G'); 

(d) /or all X G (0, 1), C&V(d+^)/A{F) < P{ifx(z ;^z) n F / 0} < c J^rf_^)/4(F); 

(e) /or a// 1 G (0,r], c~i Caprf/2(G) < P{if*(z;n) n G / 0} < c^rf_^)/2(G). 
Corollary 1.7. Assume PI and P2. Choose and fix z G M'^. 

(a) If2<d< 6, i/ien dim^j ^(z;u) = i(6 - d) a.s. on {^{z;u) / 0}. 

(b) 7/4 < d < 6 ("i.e. d = Sj, then dim^ S^{z-u) = \{Q - d) a.s. on {^{z;u) / 0}. 

(c) Ifl<d< 4, then dim^ ^^.(z;^) = ^(4 - d) a.s. on {.^x{z;u) / 0}. 

(d) Ifd=l, then dim^ ^^{z;u) = i(2 - d) = i a.s. on {.^\z;u) / 0}. 
/n addition, all four right-most events have positive probability. 

Remark 1.8. The results of the two theorems and corollaries above should be compared 
with those of Dalang, Khsohnevisan and Nualart |DKN07| . 
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2 Proof of Theorems 11.21 11.61 and their corollaries (assuming 
Theorem 11.11) 

We first recall that equation (jl.ip is formal: a rigorous formulation, following Walsh |W86j . 
is as follows. Let = iW^{s,x))s£M.^,xe[o,i]i ^ = 1; ■■■,d, be independent Brownian sheets 
defined on a probability space {Q,^,F), and set W = (W^, VF''). For t > 0, let ,!^t = 
a{W{s,x), s € [0,t], X £ [0,1]}. We say that a process u = {u{t,x), t e [0,r], x G [0,1]} 
is adapted to {^t) if u{t,x) is ^i-measurable for each {t,x) £ [0,T] x [0, 1]. We say that u 
is a solution of ()1.1|) if u is adapted to {^t) and if for i E {1, . . . , d}. 



Ui{t,x)= / y'c7jj(u(r,u))H^^((ir 

^=1 (2.1) 

+ / / Gt-rix ,v)bi{u{r ,v))drdv, 



Jo Jo 

where Gt{x,y) denotes the Green kernel for the heat equation with Neumann boundary 
conditions (see Walsh [W861 Chap 3]), and the stochastic integral in ()2.ip is interpreted 
as in [W86] . 

Adapting the results from |W86j to the case d > 1, one can show that there exists a 
unique continuous process u = {u{t,x), t G [0,T], x G [0,1]} adapted to (=^t) that is a 
solution of (II. ip . Moreover, it is shown in Bally, Millet, and Sanz-Sole [BMS95] that 
for any s, t G [0, T] with s < t, x,y £ [0, 1], and p > I, 

E[|n(t, x) - u{s, y)n < CrAMit ,x);{s, vW^' , (2.2) 

where A is the parabolic metric defined in (jl.Sp . In particular, for any < a < 1/2, u is 
a.s. a-Holder continuous in x and a/2-Holder continuous in t. 

Assuming Theorem II. 1|, we now prove Theorems II. 2|, 11.61 and their corollaries. 

Proof of Theorem ] 1.^ (a) In order to prove the upper bound we use Dalang, Khosh- 
NEVISAN, AND NuALART [DKNOTj Theorem 3.3]. Indeed, Theorem [LlTa) and (|2.2p imply 
that the hypotheses (i) and (ii), respectively, of this theorem, are satisfied, and so the 
conclusion (with /? = d — r/) is too. 

In order to prove the lower bound, we shall use of |DKN07[ Theorem 2.1]. This requires 
checking hypotheses Al and A2 in that paper. Hypothesis Al is a lower bound on the 
one-point density function pt,xiz), which is an immediate consquence of Theorem 11.1( b). 
Hypothesis A2 is an upper bound on the two-point density function Ps,y;t,xizi, Z2), which 
involves a parameter /?; we take (3 = d + rj. In this case. Hypothesis A2 is an immediate 
consequence of Theorem II. 1( c). Therefore, the lower bound in Theorem 11.2( a) follows from 
IDKN07I Theorem 2.1]. This proves (a). 

(b) For the upper bound, we again refer to |DKN07t Theorem 3.3] (see also |DKN07t 
Theorem 3.1]). For the lower bound, which involves Cap^_2(>l-) instead of Cap^_2+^(^), we 
refer to [DKN07[ Remark 2.5] and observe that hypotheses Al* and A2* there are satisfied 
with j3 = d (by Theorem I l.ll fd)). This proves (b). 
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(c) As in (a), the upper bound follows from |DKN07t Theorem 3.3] with (5 = d — -q 
(see also |DKN07[ Theorem 3.1(3)]), and the lower bound follows from |DKN07[ Theorem 
2.1(3)], with I3 = d + r]. TheoremOis proved. □ 



Proof of Corollary \1.4\ We first prove (a). Let z G R . If d < 5, then there is 77 > such 
that d — 6 + T] < 0, and thus Cap^_g_,_^({2;}) = 1. Hence, the lower bound of Theorem 
11.21 (a) implies that {z} is not polar. On the other hand, if d > 6, then for small r] > 0, 
d — Q — Tj > 0. Therefore, J^d-6-r){{z}) = and the upper bound of Theorem ll.2l fa) implies 
that {z} is polar. This proves (a). One proves (b) and (c) exactly along the same lines 
using Theorem II. 2l fb) and (c). □ 

Proof of Theorem [7751 For the upper bounds in (a)-(e), we use Dalang, Khoshnevisan, 
AND NuALART |DKN07[ Theorem 3.3] whose assumptions we verified above with /? = d — 77; 
these upper bounds then follow immediately from |DKN07[ Theorem 3.2]. 

For the lower bounds in (a)-(d), we use |DKN07[ Theorem 2.4] since we have shown 
above that the assumptions of this theorem, with (3 = d + rj, are satisfied by Theorem 11.11 
For the lower bound in (e), we refer to |DKN07[ Remark 2.5] and note that by Theorem 
11.1( d). Hypothesis A2* there is satisfied with (3 = d. This proves Theorem 11.61 □ 

Proof of Corollaries \1.5\ and \1.7\ The final positive-probability assertion in Corollarv 11.71 
is an immediate consequence of Theorem 11.61 and Taylor's theorem Khoshnevisan ^K02| 
Corollary 2.3.1 p. 523]. 

Let be a random set. When it exists, the codimension of E is the real number 
(3 £ [0 ,d] such that for all compact sets A C M*^, 



F{EnA^0} 



> whenever dimjj(yl) > /3, 
= whenever dimjj [A) < f5. 



See Khoshnevisan |K02[ Chap. 11, Section 4]. When it is well defined, we write the said 
codimension as codim(£^). Theorems 11.21 and 11.61 imply that for d > \: codim(u(M+ x 
(0,1))) = {d- 6)+; codim(M({i} x (0,1))) = {d - 2)+; codim(n(M+ x {x})) = {d - 4)+; 
codim(=^(z)) = (^)+; codim(jr(z)) = (^^1)+; codim(^^(z)) = and codim(^*(z)) = 
|. According to Theorem 4.7.1 of Khoshnevisan |K021 Chapter 11], given a random set 
E in M" whose codimension is strictly between O and n, 

dimjj E + codim E = n a.s. on {E 7^ 0}. (2-3) 

This implies the statements of Corollaries 11.51 and 11.71 □ 



3 Elements of Malliavin calculus 

In this section, we introduce, following NuALART |N95j (see also Sanz-Sole |S05j l. some 
elements of Malliavin calculus. Let =5^ denote the class of smooth random variables of the 
form 

F = f{W{hi),...,W{hn)), 
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where n > 1, f £ '^^(W^), the set of real- valued functions / such that / and all its partial 
derivatives have at most polynomial growth, hi G Jif := L^([0, T] x [0,1], M'^), and W{hi) 
denotes the Wiener integral 



W{hi)=[ [ hi{t,x) ■W{dx,dt), l<i<n. 
Jo Jo 

Given F G o5^, its derivative is defined to be the M'^-valued stochastic process DF 
{Dt,.F = {D^'^F, {t,x) G [0,T] x [0, 1]) given by 

A,xF = ^(Wihi), Wihn))hiit, x). 
1=1 * 

More generally, we can define the derivative D^F of order of F by setting 

^«^= E J^---J^fiW{hi),...,Wihn))h,,{ai)^---<g)h,^iak), 



dxi 



1 9xi^ '^■^if. 



IP 



where a = {ai, Ok), and Oj = {ti,Xi), 1 < i < k. 

For p,k > 1, the space is the closure of =5^ with respect to the seminorm 
defined by 

mi,, = n\Fn+i2^[\\D^p\\l,,,], 

where 

\\D^F\\%^. = jZ f f dxi • • • f dt, f dx, (dI%^^ . . . D^^^A \ 

We set (D°°)'^ = np>i nfc>i B'^'P. 

The derivative operator D on L^(il) has an adjoint, termed the Skorohod integral and 
denoted by 5, which is an unbounded operator on L^(r2,.y^). Its domain, denoted by 
Dom (5, is the set of elements u G L^(r2, J^) such that there exists a constant c such that 
\E\(^DF,u),^\\ < c||F||o,2, for any F G B^'^. 

If n G Dom 6, then 6{u) is the element of L^(il) characterized by the following duality 
relation: 

f-T fl 



E[F5{u)] = E 



V / / DI^If Uj{t,x)dtdx 
Jo Jo ' 



, for all F G 



a,2 



A first application of Malliavin calculus to the study of probability laws is the following 
global criterion for smoothness of densities. 

Theorem 3.1. jN95l Thm.2.1.2 and Cor.2.1.2] or [SoSl Thm.5.2] Let F = {F^,...,F'') be 

an W^-valued random vector satisfying the following two conditions: 
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(i) F G (B°°)^; 

(ii) the Malliavin matrix of F defined by jf = {{DF^ ■,DF'')jr)i<i,j<d 'i-s invertihle a.s. 
and (det 7^)-^ G LP{n) for allp>l. 

Then the probability law of F has an infinitely differentiable density function. 

A random vector F that satisfies conditions (i) and (ii) of Theorem 13.11 is said to be 
nondegenerate. For a nondegenerate random vector, the fohowing integration by parts 
formula plays a key role. 

Proposition 3.2. [NOS, Prop.3.2.1] or [S05, Prop.5.4] Let F = G (D'^)'^ be a 

nondegenerate random vector, let G G 113°° and let g G 'lo'P'iW^). Fix k >1. Then for any 
multi-index a = (ai, Uk) G {1, . . . , d}'^, there is an element Ha{F, G) G B°° such that 

B[{do,g){F)G]=n9{F)Ho,{F,G)]. 

In fact, the random variables Ha {F, G) are recursively given by 

Ha{F,G) = H^a,){F,H^a,,...,a,_,){F,G)), 
d 

H^^i^{F,G) = Y,KG{lF^\,DF^). 

Proposition 13.21 with G = 1 and a = d) implies the following expression for the 

density of a nondegenerate random vector. 

Corollary 3.3. [N98l Corollary 3.2.1] Let F = {F\...,F'^) G {B°^f be a nondegenerate 
random vector and let pf{z) denote the density of F. Then for every subset a of the set of 
indices {1, d}, 

Pf{z) = {-'^)'^~^''^E[^{Fi>z\i<^<T, Fi<z\i^(7}Hii^...^d){F-,l)]-, 

where \a\ is the cardinality of a, and, in agreement with Proposition \3.B. 

Hii,...,d){F, 1) = d{{^^'DFf6{{^p'DFr-'6{- • • 6{{^p'DF)') • • • ))). 

The next result gives a criterion for uniform boundedness of the density of a nondegen- 
erate random vector. 

Proposition 3.4. For all p > 1 and £ > 1, let ci = ci{p) > and C2 = C2{i,p) >0 be fixed. 
Let F G be a nondegenerate random vector such that 

(a) E[(det7i.)-P] <ci; 

(b) E[\\D\r)f^^,]<C2, i = l,...,d. 

Then the density of F is uniformly bounded, and the bound does not depend on F but only 
on the constants ci{p) and C2{i,p). 
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Proof. The proof of this resuh uses the same arguments as in the proof of Dalang and 
NUALART |DN041 Lemma 4.11]. Therefore, we wih only give the main steps. 

Fix z G M'^. Thanks to Coroharv 13.31 and the Cauchy-Schwarz inequahty we find that 

\pFiz)\<\\H^i,...,d){F,l)\\o,2. 

Using the continuity of the Skorohod integral 6 (cf. Nualart \N95\ Proposition 3.2.1] 
and Nualart \N98\ (1.11) and p. 131]) and Holder's inequality for Malliavin norms (cf. 
Watanabe [WSU Proposition 1.10, p. 50]), we obtain 

d 

\\H(i,...,d)iF, l)||o,2 < c||%,...,,_i)(F, l)||i,4 ||(7i;')d,,lli,8 ll^(i^^')l|i,8. (3.1) 

i=i 

In agreement with hypothesis (b), ||D(-F-')||m^p < c. In order to bound the second factor in 
(|3.1|) . note that 

ii(7^')Mik,. = miF\jn+Yn\\DHiF\jr^m] ■ m 
^ k=i ^ 

For the first term in (|3.2|) . we use Cramer's formula to get that 

I(7f')mI = l(det7F)"'(^F)*j|, 

where Ap denotes the cofactor matrix of jf- By means of Cauchy-Schwarz inequality and 
hypotheses (a) and (b) we find that 

E[{{jp\,r] < Q,,{E[(det7F)"'l}^/' X {E[\\D{F)\ff'-''>]}'/' 

where none of the constants depend on F. For the second term on the right-hand side of 
(j3^ . we iterate the equality (cf. Nualart |N95t Lemma 2.1.6]) 

d 

Di7F^)i,j = - X] (7F^)i,fc-D(7F)fc,^(7F^)<?,i' (3-3) 

k,l=l 

in the same way as in the proof of Dalang and Nualart |DN041 Lemma 4.11]. Then, 
appealing again to hypotheses (a) and (b) and iterating the inequality (|3.1|) to bound the 
first factor on the right-hand side of (j3.2p . we obtain the uniform boundedness pf{z). □ 



We finish this section with a result that will be used later on to bound negative moments 
of a random variable, as is needed to check hypothesis (a) of Proposition 13.41 

Proposition 3.5. Suppose Z > is a random variable for which we can find eo G (0, 1), 
processes {^i,e}ee(o,i) = 1) 2^), and constants c > and < 02 < ai with the property that 
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Z > min(ce'^i — li.e ce°^ — l2,e) for all e £ (0,eo). Also suppose that we can find (3i > Ui 
(i = 1,2), not depending on eo, such that 

C(9):=^sup^max(^^^,M^^^ <oo for all q > 1. 

Then for all p > 1, there exists a constant d G (0, oo), not depending on eo, such that 
E[|Z|"f] < c'eo^^^ 

Remark 3.6. This lemma is of interest mainly when /?2 < ai- 

Proof. Define k := (2/c)eQ"^. Suppose that y > k, and let e := (2/c)^^'^''-y^^^"^^ . Then 
< e < eo, y'^ = (c/2)e"i, and for all q>l, 

P{Z-i >y} =P{Z<y-i} 

< P {Yi,, > |e"i } + P [y2,, > ce°^ - ^e^^^ } 

- ci y 

The inequality e"^ - (l/2)e°i > (l/2)e"2 implies that 

P {Z-^ >y} < (^2«e«('^i-"i) + 29e''('32-«2)^ < ^y-gb^ 

where a and b are positive and finite constants that do not depend on y, eo or q. We apply 
this with q := (p/b) + 1 to find that for all p > 1, 



^02 _ ^gOl 

2 



/■OO 

E[\Z\~P]=p yP~'P {Z-' > y} dy 
Jo 



<kP + apJ y-"-' dy = k'P+ (^^ j k'^ 

Because k > (2/c) and 6 > 0, it follows that E[|Z|-P] < (1 + ci{ap/b))kP, where ci := 
(c/2)''"'"^. This is the desired result. □ 

4 Existence, smoothness and uniform boundedness of the 
one-point density 

Let u = {u{t,x), t G [0,T],x G [0,1]} be the solution of equation (j2.1|) . In this section, 
we prove the existence, smoothness and uniform boundedness of the density of the random 
vector u{t,x). In particular, this will prove Theorem II .ll f a). 

The first result concerns the Malliavin differentiability of u and the equations satisfied by 
its derivatives. We refer to Bally and Pardoux |BP98l Proposition 4.3, (4.16), (4.17)] for 
its proof in dimension one. As we work coordinate by coordinate, the following proposition 
follows in the same way and its proof is therefore omitted. 
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Proposition 4.1. Assume PI. Then u{t,x) £ (D°°)'^ for any t £ [0,T] and x G [0,1]. 

Moreover, its iterated derivative satisfies 



Di'd---Di':±{u,{t,x)) 

= ^2 Gt^n vi) (d^'^^I . . . Dt-d-M':X. ■ ■ ■ Dtl {<r^k, {u{ruvi)))) 
1=1 ^ ^ 

d „j „1 n 

+ E/ / Gt-e{^,v)llDi';^l{a,,{u{0,r^)))W^{d0,dr^) 

^riV---Vr„ Jo i^-^ 
ft fl " 

Gt-e{x^ V) n Di';^l{HuiO, 7?))) dOdr] 



1=1 



Ir^y-yrr, JO 

if t < ri V ■ ■ ■ V rn and -Dri^ii • • • Di^"v„ {ui{t, x)) = otherwise. Finally, for any p > I, 



SUP{t,a;)e[0,T]x[0,l] 



E 



\D"{uiit,x))\\ 



< +00. 



Note that, in particular, the first-order Malliavin derivative satisfies, for r < t, 
D'^'^^{ui{t,x)) = Gt-r{x,v)aik{u{r,v)) + ai{k,r,v,t,x), 

where 

a,{k,r,v,t,x) = y^ f C Gt^e{x,r{)Di'^}{aij{u{e,rj)))W\d9,drj) 

~[Jr Jo 

Gt^e{x,v)D^J:}{hi{u{e,r^)))dedr^, 



(4.1) 



(4.2) 



(4.3) 



r JO 



and Dr^} {ui{t , x)) = when r > t. 

The next result proves property (a) in Proposition 13.41 when F is replaced by u{t,x). 

Proposition 4.2. Assume PI and P2. Let I and J two compact intervals as in Theorem 
Then, for any p > 1, 

E[(det7,(,,,))-P] 
is uniformly bounded over (t, x) £ I x J. 

Proof. This proof follows NuALART [N98. Proof of (3.22)], where it is shown that for fixed 
{t,x), E[{det^u(^t^x))^'^] < +00. Our emphasis here is on the uniform bound over (t, x) G 
I X .J. Assume that I = [^1,^2] and J = [xi,X2], where < ti < t2 < T , < xi < X2 < I- 
Let {t,x) £ I X J be fixed. We write 
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Let ^ = (^1, G with ||^|| = 1 and fix e G (0, 1). Note the inequahty 



(4.4) 



vaUd for all a,b > 0. Using (j4.2p and the fact that Ju{t,x) is a matrix whose entries are 
inner-products, this implies that 



C lu{t.x)i= I dr I dv y2^r,v{'^i{t,x))i, 
Jo Jo 

d 

'^Dr,v{Ui{t,x))C 



> dr dv 

Jt{l-e) Jo 



1=1 



>h- h, 



where 



/ dr j dvy^\y^Gt-r{x,v)(Tik{u{r,v))ii\ , 

Jt(l-e) Jo J 
j-t ,.i d / d \ 2 

12=2 1 dr I duV] V]ai(A;,r,t>,t,x)^i , 

Jt{l-e) Jo J 

and ai{k,r,v,t,x) is defined in ()4.3p . In accord with hypothesis P2 and thanks to Lemma 



[721 



(4.5) 



where c is uniform over (t, x) £ I x J. 

Next we apply the Cauchy-Schwarz inequality to find that, for any q > 1, 



E 



SUP5eK'':||^||=l|/2|'^ 



<c(E[|^i|'']+E[|^2n), 



where 



^1= V r dr [\v ( f [' Gt.e{x,v)Di'h^iM^,v)))W^{d0,dr,)) , 

^0 \Jr Jo J 

^2 = V r c^r C dv { f C Gt-e{x,r^)Di^}{bdu{e,r])))dedr^ 

^0 \Jr Jo 

We bound the q-ih. moment of Ai and A2 separately. As regards vli, we use Burkholder's 
inequality for martingales with values in a Hilbert space (Lemma 17. 6p to obtain 



MM"] < c V E / de 
ki=i L Jt{i-e) Jo 



.1 .1 

(i?7 / dr dvQ 

Jt{l-e) Jo 



1^ 



(4.6) 
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where 



:= l{e>r}G't-e(x,r/) 



i?(gK-(n(0,r?))) 



thanks to hypothesis PI. Hence, 

EPil'?] < cVe / de driG\ 

fc^l L Jt(l-e) Jo 



1=1 



{x, rf) 1 dr 1 dv 

Jt(i-e) Jo 



where * := J2f=i ^i'^v {ui{e,r])). We now apply Holder's inequality with respect to the 
measure Gf_g{x,r])d9d7] to find that 



de / dr^Glsix,^) 

t(l-e) Jo 



q-1 



rt rl ^ r rt 

/ de d7?Gi%(x,?7) Ve / dr dv^^ 

Jt(l-e) Jo L Jt{l-e) Jo 



Lemmas 17.31 and 17.51 assure that 

E[|^ir] <CT(te)V(te) 



^q/2 



t(l-e) Jo 



Gl__e{x,i]) dedr] < Gritey, 



where Gt is uniform over (t, x) € I x J. 

We next derive a similar bound for A2- By the Cauchy-Schwarz inequality, 



1 rt 



dr dv de dr]<^' 

t{l-e) Jo Jr Jo 



E[|^2n<c(t6)^^E 

i,k=l 

where <I> := Gt-.g{x, r])\Di'^^ {bi{u{e, r/))) |. From here on, the g-th moment of A2 is estimated 
as that of Ai was; cf. ^Mi, and this yields E[|A2|''] < Gritef^. 
Thus, we have proved that 



E 



SUP5eM'*:||5||=ll-^2| 



(4.7) 



where the constant Gt is clearly uniform over (t, x) £ I x J. 

Finally, we apply Proposition[33]with Z := inf|j5|j=i(^'^7„(t .j,)^), Yi,, = l2,e = sup||g||=i/2, 
eo = 1, ai = 02 = 1/2 and Pi = P2 = 1, to get 



E 



(det7„(t^^)) P 



<Ct, 



where all the constants are clearly uniform over {t, x) £ I x J. This is the desired result. □ 
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Corollary 4.3. Assume PI and P2. Fix T > and let I and J be a compact intervals 
as in Theorem \l.l[ Then, for any {t,x) G (0,T] x (0,1), u{t,x) is a nondegenerate random 
vector and its density funciton is infinitely dijjerentiable and uniformly bounded over z £ 
and {t, x) £ I X J. 

Proof of Theorem M.lV a). This is a consequence of Propositions 14.1] and W?2\ together with 
Theorem 13.11 and Proposition 13.41 □ 



5 The Gaussian-type lower bound on the one-point density 

The aim of this section is to prove the lower bound of Gaussian-type for the density of 
u stated in Theorem ILlT b). The proof of this result was given in Kohatsu-Higa [K03t 
Theorem 10] for dimension 1, therefore we will only sketch the main steps. 

Proof of Theorem \l.l\( b). We follow |K03] and we show that for each (t, x), F = u{t, x) is a 
d-dimensional uniformly elliptic random vector and then we apply |K03l Theorem 5]. Let 

K= / G'j_r(x,u) y'crij(n(r,i;))PF^(dr,(it!) + / / Gt-r{x,v)bi{u{r,v)) drdv, 
Jo Jo Jo Jo 

1 < i < d, where = to < ti < ■ ■ ■ < t^ = t is a sufficiently fine partition of [0,t]. Note 
that Fn G ^tn- Set g{s,y) = Gt^six,y)- We shall need the following two lemmas. 



Lemma 5.1. |K03l Lemma 7] Assume PI and P2. Then: 

(i) ll^nlU.p < Cfc,p, I <i <d; 

(ii) ll((7F„(in-i))ii)"ip,t„-i < Cp(A„_i(5))-i = Cp(||5|li2([t^_^,^„]x[o,l]))"^ 

where jp^{tn_i) denotes the conditional Malliavin matrix of Fn given =^t„_i ond 
denotes the conditional L^-norm. 

We define 

r f-n— 1 / J- 



\\p,t„-l 



n-1 



si,yi)= / (^31-52(^1,^2) Vo-ij(u(s2,y2))W^-'(c^si,c^y2) 

Jo Jo -^^ 

t-tn-i rl 

+ / Gs^-S2{yi,y2)bi{u{s2,y2))ds2dy2, I < i < d. 

Jo Jo 

Note that n""^ G As in [K03] . the following holds. 

Lemma 5.2. [K031 Lemma 8] Under hypothesis PI, for s S 

||ui(s,y) -<-^(s,y)||„,p,t„_i < (s-^„_l)^/^ 1 < i < d, 

where \\ ■ ||n,p,t„-i denotes the conditional Malliavin norm given ^t„-i- 
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The rest of the proof of Theorem ll.ll fb) fohows along the same hnes as in [K03j for 
d = 1. We only sketch the remaining main points where the fact that d > 1 is important. 
In order to obtain the expansion of -F^ — F^_^ as in \K03\ Lemma 9], we proceed as follows. 
By the mean value theorem, 



Jtn^-\ Jo j = l 



+ / / Gt-r{x,v)bi{u{r,v))drdv 
Jt„^i Jo 

+ r r GtMx,v)y^{ diaij{u{r,v,\))d\){ui{r,v) -u'l-\r,v))W\d^ 

-'tn-l -'0 j^^^-^ Jo 

where n(r, A) = {1 — X)u{r,v) -\- Xu^~^ {r,v). Using the terminology of |K03] . the first term 
is a process of order 1 and the next two terms are residues of order 1 (as in [K03j ). In the 
next step, we write the residues of order 1 as the sum of processes of order 2 and residues 
of order 2 and 3 as follows: 

1 

Gt-r{x, v) hi{u{r, v)) drdv 
1 

Gt-r{x, v) bi{u^~^{r, v)) drdv 

tn-l ^0 

+ / Gt-r{x,v)Y,i dih{u{r,v,\))d\){ui{r,v) -u!l-^{r,v))drdv 



tn-l ^0 



and 



t„-i JO JO 



1 <i rl 



Gt-r{x,v)y^{ dia,j{u{r,v,\))dX)(ui{r,v)-u'l-\r,v))Wi{dr,dv) 

tn-l -'0 -^i^^ JO 

d 

Gt-r{x,v) diaij{u''-Hr,v)){ui{r,v)-u^-\r,v))W^{dr,dv) 



j,l=i 



rtn rl <^ rl 

+ / Gt-rix,v) ^ (/ diduaij{u{r,v,\))dX) 

Jtn-l Jo j I Jo 



X {ui{r,v) — u]" {r,v)){ui'{r,v) — u^, {r,v))W^ {dr,dv). 

It is then clear that the remainder of the proof of |K03l Lemma 9] follows for d > 1 along 
the same lines as in |K03j . working coordinate by coordinate. 

Finally, in order to complete the proof of the proposition, it suffices to verify the hy- 
potheses of [K03t Theorem 5]. Again the proof follows as in the proof of [K03, Theorem 
10], working coordinate by coordinate. We will only sketch the proof of his (H2c), where 
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hypothesis P2 is used: 

ftn rl 

{A„-i{g)r' / / {Gt-r{^,v)f\\aiu^-\r,vm\^ drdv 
Jt„-i Jo 

> p\An-i{g)r^ / / {Gt-r{x, v) f drdv = > 0, 
Jt„-i Jo 

by the definition of g. This concludes the proof of Theorem ll.il (b). □ 

6 The Gaussian-type upper bound on the two-point density 

Let Ps,y-t,x{zi, Z2) denote the joint density of the 2d-dimensional random vector 

...,Ud{s,y),ui{t,x), ...,Ud{t,x)), 

for s,t G (0,T], x,y £ (0,1), {s,y) / {t,x) and ^1,2:2 £ (the existence of this joint 
density will be a consequence of Theorem 13.11 Proposition 14.11 and Theorem 16. 3p . 

The next subsections lead to the proofs of Theorem 11.1( c) and (d). 

6.1 Bounds on the increments of the MalHavin derivatives 

In this subsection, we prove an upper bound for the Sobolev norm of the derivative of the 
increments of our process u. For this, we will need the following preliminary estimate. 

Lemma 6.1. For any s,t £ [0, T], s < t, and x, y G [0, 1], 

rT ri 



JO 



{g{r, v) f drdv < CxHt - s\^^^ + \x- y\), 



where 

g{r,v) := gt,x,s,y{r, v) = l{r<t}Gt-r{x,v) - l{r<s}Gs-r{y,v). 

Proof. Using Bally, Millet, and Sanz-Sole |BMS95l Lemma B.l] with a = 2, we see 
that 

T ,1 

I {g{r,v))'^ drdv 
Jo 

ft f'l f'S f'l 

< / / {Gt-r{x,v)fdrdv + 2 / {Gt-r{x,v) - Gs-r{x,v)f drdv 

Js Jo JO JO 

+ 2 [ I {Gs^r{x,v) -Gs-r{y,v)f drdv 
Jo Jo 

<CT{\t-s\^'^ + \x-y\). 

□ 
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Proposition 6.2. Assuming PI, for any s,t £ [0,T], s <t, x,y £ [0,1], p> 1, m> 1, 



E 



\D"'{ui{t,x) - Ui{s,y))\\^^^„ 



<CT{\t-s\'/^ + \x-y\f \ i = l,...,d. 



p/2 



Proof. Let m = 1. Consider the function g{r,v) defined in Lemma l6.1i Using the integral 
equation (j4.2p satisfied by the first-order Malhavin derivative, we find that 



E 



\D{ui{t,x) - Ui{s,y))\ 



p 



<c(E[|/ir/2]+E[|/2r/'] +£[1/3^/2]), 



where 



h = y2 I dv{g{r,v)aikiu{r,v))f, 

l2 = y2 [ dr [ dv( [ [ 5(^,r?)I)(5 
jk=i''^ -^0 \Jo Jo 



l3 = i:/ dr dv( . 

j^^^ Jo Jo \Jo Jo 



j{e,v)Di!:^{bi{u{e,rj)))ded7] 



We bound the p/2-moments of Ii, I2 and I3 separately. 

By hypothesis PI and Lemma EH 1^^^] < Cr(|i - s|^/^ + \x - Using 

Burkholder's inequality for Hilbert-space- valued martingales (Lemma 17. 6p and hypothesis 
PI, we obtain 



e[|I2|^/2]<cJ;e[ [ 
k=i L ^0 



de [ dr]{g{9,r])f f dr f dvQ^ 
Jo Jo Jo 



p/2- 



where := Ylf=i -^r^'" ("^li^^ '']))■ From Holder's inequality with respect to the measure 
{g{9,r]))^d9dr], we see that this is bounded above by 



CI 1^ j\gie,rj)fded7] 



X sup(e,,,)G[o,T]x[o,i] de dr]{g{9,7])f dr dvO"' 

L Jo Jo Jo Jo 

<CT{\t-s\^l^ + \x-y\Yl\ 



p/2- 



thanks to (j4.ip and Lemma |6.1[ 

We next derive a similar bound for I^. By the Cauchy-Schwarz inequality. 



d r f 
k=i L ^0 



d9 [ d7]{g{9,7])f f dr f dvQ^ 
Jo Jo Jo 



p/2- 
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From here on, the p/2-moment of I3 is estimated as was that of I2, and this yields E[|/3p/^] < 
Cr(|t - s|V2 + \x - y|)P/2. This proves the desired result for m = 1. The case m > 1 
follows using the stochastic differential equation satisfied by the iterated Malliavin deriva- 
tives (Proposition 14. ip . Holder's and Burkholder's inequalities, hypothesis PI, (|4.ip and 
Lemma |6. II in the same way as we did for m = 1, to obtain the desired bound. □ 



6.2 Study of the Malliavin matrix 

For s,t G [0,T], s < t, and x,y €z [0, 1] consider the 2(i-dimensional random vector 

Z := (ui(s,y), ...,Ud{s,y),ui{t,x) - ui{s,y), ...,Ud{t,x) - Ud{s,y)). (6.1) 

Let 'jz the Malliavin matrix of Z. Note that 7^ = {{'yz)m,i)m,i=i,...,2d is a symmetric 2dx 2d 
random matrix with four d x d blocs of the form 
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(2) \ 

Tz' ^ 



\ 7? i 7?^ J 



where 



7z^ = {{D{ui{s,y)),D{uj{s,y))),^)ij=i^,„^d, 

(2) 

Tz = (.{D{ui{s,y)),D{uj{t,x) - Uj{s,y)))M')i,j=i,...,d^ 

(3) 

Tz = {{D{ui{t,x) - Ui{s,y)),D{uj{s,y))).%')ij=i^,„^d, 

7z^ = {{D{ui{t,x) - Ui{s,y)),D{uj{t,x) - Uj{s,y))) .%^)i^j=i^,„^d- 

We let (1) denote the set of indices {1, d] x {1, d}, (2) the set {1, d] x {d+l, 2d}, 
(3) the set {d + 1, 2d} x {1, d} and (4) the set {d + 1, 2d} x {d + 1, 2d}. 

The following theorem gives an estimate on the Sobolev norm of the entries of the inverse 
of the matrix 72, which depends on the position of the entry in the matrix. 

Theorem 6.3. Fix t],T > 0. Assume PI and P2. Let I and J be two compact intervals 
as in Theorem\l.l[ 



(a) For any {s,y) £ I x J, {t,x) e I x J, s < t, {s,y) / {t,x), k > 0, p > I, 

'ck,p,r,,Ti\t-s\'^^ + \^-y\)"''' im,l) eil), 

Ck,p,v,T{\t - s\'/^ + \x- ^f [m, I) E (2) or (3), 



\\{lz^)rn,lh,p < 



(b) For any s = t e {0,T], {t,y) e I x J, {t,x) e I x J , x y, k > 0, p > 1, 

||(7z^)m,/||fc,p < < 



Ck,p,T if (m, I) £ (1) , 

Cfc,p,Tk-y|-^/2 if (m,/) G (2) or (3), 

{Ck,p,T\x - y\ 



"1 if {m,l)e{4). 
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(Note the slight improvements in the exponents in case (b) where s = t.) 



The proof of this theorem is deferred to Section 16.41 We assume it for the moment and 
complete the proof of Theorem II. li fe) and (d) . 

6.3 Proof of Theorem [EKc) and (d) 

Fix two compact intervals / and J as in Theorem 11.11 Let {s,y), {t, x) £ I x J, s < t, 
(s, y) / {t, x), and zi, Z2 S M"^. Let Z be as in (j6.ip and let pz be the density of Z. Then 

Ps,y;t,x{zi,Z2) = pz{zi,Zi - Z2). 

Apply Corollary 13.31 with a = {i £ {1, ...,d} : z\ — z\> 0} and Holder's inequality to see 
that 



1=1 



{zi,zi-Z2) < n(^l \ui{t,x) -Ui{s,y)\ > \z\ -z\\\\ x ||/i'(i^...^2d)(^, l)l|o,2. 



2d 



Therefore, in order to prove the desired results (c) and (d) of Theorem II. H it suffices to 
prove that: 



4 = 1 



JJ(pi \u^{t,x)-Ui{s,y)\ > \z\ 



2d 



< cexp 



- 



Zl - Z2 



\ CT{\t — s\^/'^ + \x — y\ 
Hii,...,2d)iZ, l)||o,2 < CT{\t - + \x- y\)-^''+^^/\ 



and if s = t, then 



\H(i,...,2d){Z, l)||o,2 < ct\x - y\ 



-d/2 



(6.2) 

(6.3) 
(6.4) 



Proof of i6.3\) . Let u denote the solution of (j2.ip for 6 = 0. Consider the continuous one- 
parameter martingale (M„ = (M„, ...,M^), < u < t) defined by 



Ml 



lo Io(.Gt-r{x,v) - Gs-r{y,v)) J2 j=i ^ijiH^, v)) {dr, dv) ifO<n<s, 



Iq IoiGt-r{x,v) - Gs-r{y,v)) ^'^^^ aij{u{r, v)) W^dr, dv) 



+ Is fo Gt-r{x, v) Ylj=i v)) W^dr, dv) i{ s <u< t, 

for all i = 1, ...,d, with respect to the filtration (=^u, < u < t). Notice that 

Mo = 0, Mt = u{t,x) -u{s,y). 
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Moreover, by hypothesis PI and Lemma |6.1 



{M% = r [ {GtMx,v)-Gs-r{y,v)fiZ^a,,{u{r,v))fdrdv 
Jo Jo 

/ {Gt-r{x,v)f y^{a,j{u{r,v))f drdv 

- Jo : 1 



<C f [ {g{r,v)fdrdv 
Jo Jo 

1/2 



<CT{\t-s\'^' + \x-y\). 
By the exponential martingale inequality Nualart }jN95\ A. 5], 



p||r..(«..) - > |.s - 41) < ^^-^[- criit - .'iv. ; I. - .1) j- <''-^' 

We will now treat the case 6^0 using Girsanov's theorem. Consider the random 
variable 

Lj=exp^— y J a^^{u{r,v))b{u{r,v)) ■W{dr,dv) 



t /.I 

\(T^^{u{r^ v)) b{u{r, v))\\'^ drdv 



10 JO 

The following Girsanov's theorem holds. 

Theorem 6.4. |N94l Prop. 1.6] E[Lj] = 1, and if P denotes the probability measure on 
(fi, ^) defined by 

^(w) = Lt{uj), 

then W{t,x) = W{t,x) + a~^{u{r,v)) b{u(r,v)) drdv is a standard Brownian sheet 
under P. 

Consequently, the law of u under P coincides with the law of u under P. Consider now 
the random variable 

J( = exp^— y J a^^{u{r,v))b{u{r,v)) ■ W{dr,dv) 

H — / / \\a^^{u{r,v))b{u{r,v))\\'^ drdv 
Jo Jo 
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Then, by Theorem 16.4^ the Cauchy-Schwarz inequahty and (j6.5 



\ui{t,x) - Ui{s,y)\ > \z{ - z\ 



{\ui{t,x)-ui{s,y)\\z\-zl\}Lt 



Er 



{\u-(t,x)-ui(s,y)\\zl-zl\}Jt 



1/2 / ^ 1/2 

<[V{\u\t,x)-u\s,y)\\z\-z\\\] Ep[Jr^] 



< 2exp 



Now, hypothesis PI and P2 give 



CT{\t-s\V^ + \x-y\) 



Ep[J,- 



1/2 



Ep [ jri <Ep 



exp^J J 2a ^{u{r,v))b{u{r,v)) ■ W{dr,dv) 

-\ I I ^\a^^{u{r,v))b{u{r,v))\\'^ drdv] 
2 Jo / 

X exp^y j \\a~'^{u{r, v)) b{u{r, v))\\'^ drdv^ 



<C, 



since the second exponential is bounded and the first is an exponential martingale. 
Therefore, we have proved that 



p||ui(t,x) - Ui{s,y)\ > \z{ - z^lj < Cexp|^ 



14 -4P 



V CT{\t-s\y^ + \x-y\)J' 



from which we conclude that 
d 



Yli^l \ui{t,x) -Ui{s,y)\ > \z\-zi\ I I < C7exp( 



i=l 

This proves (|6.2p . 



2d 



Zl - Z2 



V CT{\t-s\^/^ + \x-y\) 



□ 



Proof of As in (13. ip . using the continuity of the Skorohod integral 6 and Holder's 

inequality for Malliavin norms, we obtain 



l^(l,...,2d)(^, l)l|0,2 < C\\H^l_2d-l){Z, l)||l,4 Yl ll(7z')2djlll,8 P(^^')l|l,8 



2d 



+ E \\{lz')2dJi,s\\D{Z^)\\i,. 

j=d+l 
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Notice that the entries of 7^^ that appear in this expression belong to sets (3) and (4) of 
indices, as defined before Theorem 16. 3i From Theorem I6.3r a) and Propositions 14. ll and 16.21 
we find that this is bounded above by 

, d 2d X 

CT||%,...,2d^i)(^,l)||i,4 + E {\t-s\'/' + \x-y\)-'-''^+'2\ 

S=l j=d+l ^ 

that is, by 

CT||%,...,2d-i)(^, l)lli,4(|i - 5^/2 + |x - y\)-^l^-^\ 

Iterating this procedure d times (during which we only encounter coefficients (7^^)™,; for 
(m, Z) in blocs (3) and (4), cf. Theorem 16. 3r a)l. we get, for some integers mo, A;o > 0, 

ll^(l,...,2d)(^, l)l|0,2 < CT||if(i,...,,)(Z, l)|Uo,fco(|t - + - y | )-'^/2-'^^^. 

Again, using the continuity of b and Holder's inequality for the Malliavin norms, we obtain 



\B^x_d){z^)\u^<c\\B^^_d^^^{z^)\u,^^^ 

2d ^ 

A — A I 1 / 



for some integers mj, fcj > 0, z = 1, 5. This time, the entries of that appear in this 
expression come from the sets (1) and (2) of indices. We appeal again to Theorem I6.3f a) 
and Propositions 14.11 and 16.21 to get 

l)IU,fe < CT||^(l,...,rf_l)(Z, l)|U„fc,(|t - + _ y\)-<^\ 

Finally, iterating this procedure d times (during which we encounter coefficients (7^^)m,i for 
(m, Z) in blocs (1) and (2) only, cf. Theorem 16. 3l f a)), and choosing rj = Ad'^rj, we conclude 
that 

\\Hii,...,2d){Z, l)||o,2 < Crilt - s\'/' + \x- 
which proves (j6.3p and concludes the proof of Theorem II. iT c). □ 



Proof of (6^. In order to prove (16. 4p . we proceed exactly along the same lines as in the 
proof of (|6.3p but we appeal to Theorem I6.3r b). This concludes the proof of Theorem 
md). □ 

6.4 Proof of Theorem 16.31 

Let Z as in (j6.ip . Since the inverse of the matrix 7^ is the inverse of its determinant 
multiplied by its cofactor matrix, we examine these two factors separately. 
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Proposition 6.5. Fix T > and let I and J be compact intervals as in Theorem 
Assuming PI, for any (s, y), (t, x) £ I x J, (s, y) ^ (t, x), p > 1, 



E[\{Az)m,in'/^ < < 



Cp,T{\t-s\y^ + \x-y\y 
Cp,T{\t-s\'/^ + \x-y\f-'2 

4-1 



[cp^rilt - s\^/^ + \x - y\ 
where Az denotes the cof actor matrix ofjz- 
Proof. We consider the four different cases. 

• If (m, /) G (1), we claim that 

d-l 



if (m,/)E(l), 

if (m,/)G(2) or (3), 

if (m,/)G(4), 



a— 1 f 

\{Az)m,i\ < CY,\ \\Diu{s,y))\\^ X \\D{u{t,x) - u{s,y))f^ 

k=0 ^ 



2(d-l-k) 



(6.6) 



X \\D{u{s,y))ff''~'^ X \\D{u{t,x)-u{s,y))\\f^'^ 



Indeed, let A^'' = (aT^'j-)^ ^^-^ 2d-i {2d — 1) x (2d — l)-matrix obtained by removing 

from jz its row m and column I. Then 



E 



m,l 



■ a. 



2(i-l,7r(2d-l)' 



TT permutation of {l,...,2d—l) 



Each term of this sum contains one entry from each row and column of A^''. If there are 
k entries taken from bloc (1) of 72, these occupy k rows and columns of ^4^''. Therefore, 
d—l — k entries must come from the d—1 remaining rows of bloc (2), and the same number 
from the columns of bloc (3). Finally, there remain k + 1 entries to be taken from bloc (4). 
Therefore, 

d-l . 

\{Az)m,i\ < C (product of k entries from (1)) 

fc=0 

X (product of d — 1 — A: entries from (2)) 

X (product of d — 1 — A: entries from (3)) x (product of A; + 1 entries from (4)) 



Adding all the terms and using the particular form of these terms establishes (|6.6p . 

Regrouping the various factors in (j6.6p . applying the Cauchy-Schwarz inequality and 
using (j4.ip and Proposition 16. 2^ we obtain 



E 



< 



k=0 



D{u{s,y))f^^-'^'' x\\D{n{t,x)-u{, 



2dp 



<CT{\t- s\^'^ + \x-y 



\dp 



26 



If {m,l) £ (2) or {m,l) £ (3), then using the same arguments as above, we obtain 



\iAzlm,l 
d-l 



LL— 1 /■ 

< ^EE \\D{u{s,y))t^^-'-'^ X \\D{u{s, 

k=0 ^ 



5^ X \\D{u{t,x)-u{s,y)Wj^ 



X \\D{u{s,y))\\'^' X \\D{u{t,x)-u{s,y))\\'+' x \\D{u{t,x) - u{s,y))r^- 



k=0 



< CY,\ mu{s,ymf X \\DHt,x) - u{s,ym 



2d-l 



from which we conclude, using (j4.ip and Proposition 16.21 that 



E 



\iAz)m,i\' 



<CT{\t-s\^/^ + \x-y 



If G (4), we obtain 



d-l f 

\{Az)m,i\ < CEE \\DHs,y))\\f^'^ X \\D{u{s 

k=0 ^ 



2{d-l-fc) 



X ||I)Kt,x)-Z)(n(5,y)))||f-^-') X \\D{n{t,x)-D{u{s,ym^ 
<CX;|||DKs,y))||2^x ||Z)(u(t,x)-^(s,y))||2^-2|, 



k=0 



from which we conclude that 



E 



Z)m,l\ 



< CT{\t-s\^/^ + \x-y 



This concludes the proof of the proposition. 



□ 



Proposition 6.6. Fix r],T > 0. Assume PI and P2. Let I and J be compact intervals as 
in Theorem\l.l[ 



(a) There exists C depending on T and rj such that for any {s,y), {t,x) £ I x J, {s,y) / 
{t^ x'j ^ p ^ Ij 

E[(det7z)"'']'^''<C(|t-s|i/2 + |^_y|)-'^(i+^). (6.7) 

(b) There exists C only depending on T such that for any s = t £ I, x,y £ J, x ^ y, 
p>l, 

E[{det^z)-'f'<C{\x-y\)-^. 

Assuming this proposition, we will be able to conclude the proof of Theorem \6.3\ after 
establishing the following estimate on the derivative of the Malliavin matrix. 
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Proposition 6.7. Fix T > 0. Let I and J be compact intervals as in Theorem As- 
suming PI, for any (s, y), (t, x) £ I x J , (s, y) ^ (t, x), p > 1 and k>l, 



E[p^(7z)wiiw]'^'< <; 



Ck,p,T if (m,/)G(l), 

Cfc,p,T(|t-s|V2 + |x-y|)i/2 ,f (m,/) G (2) or(3), 



Proof. We consider the four different blocs. 

• If (m, /) G (4), proceeding as in Dalang and Nualart [DN041 p. 2131] and appealing 
to Proposition 16.21 twice, we obtain 

E[||Z)'=(7zW||^«.] 

= E[||d''( dr dv Dr,^{um{t,x) - Um{s,y)) ■ Dr^viMt^^:) - ui{s,y)))\\^^m] 
Jo Jo 

<{k + J] E[|| dr dv DWr^Umit, X) - Um{s, y)) 



j=0 



■D'' Wr,v{ui{t,x) - ui{s,y))\\^^^,] 



<CT{k + ir-'j2())\iE[P'DMt,x)-Urn{s,y))\\%^^^^^^^^ 

j=0 V-'/ 

X {E[\\D'^-W{ui{t,x)-ui{s,y))\\%^,,_^^,,]f'} 

<CTi\t-s\'/'' + \x-y\r. 

If (m, /) G (2) or (m, I) G (3), proceeding as above and appealing to (14. ip and Propo- 
sition [621 we get 



E[\\D\^z)m£^^,] 

j=0 ^-^ ^ 

X {E[\\D''W{ui{s,y))\\%^,,_^^,,]f'} 
<CT{\t-s\'/^ + \x-y\r/^. 

If {m,l) G (1), using (j4.ip . we obtain 

<CT{k + ir-'j2(^Y {i^[\\^'^Ms,y))\i^^^^^ 
j=0 V-' / 

x(E[||i?^-^-Z?(u,(.,y))||J«„_,+i)])'/'} 

< Ct. 
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□ 



Proof of Theorem \6.3[ When k = 0, the result fohows directly using the fact that the 
inverse of a matrix is the inverse of its determinant multiplied by its cofactor matrix and 
the estimates of Propositions 16.51 and 16.61 

For A; > 1, we shall establish the following two properties. 



s|l/2 + |2;-y|)-'^'7 if (m, G (1) , 

s|i/2 + \x- y|)-V2-<i^'? if (m, e (2), (3), 



(a) For any (s, y), (t, x) £ I x J, (s, y) ^ {t, x) , s < t, k > 1 and p > 1, 

(b) For any s = tGl,x,y£j,Xj^y,k>l and p > I, 



Ck,p,r],T{\t 
Ck,p,r],T{\t 

[ck,p,r,,T{\t-s\'/^ + \x-y\)-'-''^ if (m,0 G (4). 



Cfc,p,T if {m,!) £ (1) , 

Cfc,p,T|x - 2/|-i/2 if (m,/) G (2) or (3), 

Sk,p,T\^ - y\~^ if (m,/)G(4). 



Since 



m,l \\k,p 



E[i(7z'wn+EE[p''(7z': 



m,l II 



1/p 



(a) and (b) prove the theorem. 

We now prove (a) and (b). When A; = 1, we will use ()3.3p written as a matrix product: 

D{jz')=j^'D{jzhz'- (6-8) 
Writing (j6.8|) in bloc product matrix notation with blocs (1), (2), (3) and (4), we get that 

+ (7z^)^'^^(7f )(7z^)(^) + i7z')^'^Di^?)irz')^'\ 
D{{lz'r) = {lz')^'^D{^^^^)[rz'r + {lz')^'^D{^f){rz')^') 

+ (7z^)(^^I^(7f )(7z^)(^) + (7z^)(^)l?(7?)(7^^)(^\ 
D{{l-z'r) = {lz')^'^D{^^^^){rz'P + (7z^)(^)l?(7?^)(7z^)(^) 

+ {lz')^'^D{^if){rz'f) + (7^^)(^)l?(7?)(7z^)(^\ 
^((7z^)^^^) = {ltr^D{^^P){rz'Y^ + (7^^)(^)i?(7?^)(7z^)^^^ 

+ {lz')^'^D{^f){rz'r + {lz't^D{^f){rz')^'). 

It now suffices to apply Holder's inequality to each block and use the estimates of the 
case A; = and Proposition 16.71 to obtain the desired result for k = 1. For instance, for 
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{m,l) G (1), 



E 



1 l/(2p) 



< sup E 



< c(\t- s 



l((7z 



-l^(2)^ 



|2p 



' 'Til ,/l 



sup E 

"12, '2 



X sup E 



|4p 



l(i^(7?)) 

l/(4p) 



||4p 
m2,/2 11.-^ 



l/(4p) 



1/2 



|X - =c{\t- s|l/2 + _ yD-Sd'*?. 



For fe > 1, in order to calculate D^~^^ {'-/^^^ ) , we will need to compute D''{'-f^^D{'-fz)jz^) 
For bloc numbers 11,12,13 G {l!2,3,4} and k>l, we have 



,Jl J2 J3 



E 



0''((7i')'"')0«(0(7i'''))0''((7i')'" 



il+j2+J3=fc 

j,e{o,...,fc} 



Note that by Proposition 16.7^ the norms of the derivatives D^^ (^D('y^'^^) of 7^^^ are of the 
same order for all j2- Hence, we appeal again to Holder's inequality and Proposition 16.71 
and use a recursive argument in order to obtain the desired bounds. □ 



Proof of Proposition \6.6l The main idea for the proof of Proposition 16.61 is to use a pertur- 
bation argument. Indeed, for {t,x) close to {s,y), the matrix 7^ is close to 







\ 



are 



V ; / 

The matrix 7 has d eigenvectors of the form (A^, 0), (A'', 0), where A"^,...,A'^ G 
eigenvectors of 7^^^ = 7u(s,y), and = (0, 0) G W^, and d other eigenvectors of the form 
(0, e*) where e^, e'^ is a basis of W^. These last eigenvectors of 7 are associated with the 
eigenvalue 0, while the former are associated with eigenvalues of order 1, as can be seen in 
the proof of Proposition 14.21 
We now write 



2d 



(6.9) 



i=l 



where ^ = {^"^, ...,^^^} is an orthonormal basis of M^^ consisting of eigenvectors of jz- We 
then expect that for {t,x) close to {s,y), there will be d eigenvectors close to the subspace 



30 



generated by the (A*,0), which will contribute a factor of order 1 to the product in (|6.9p . 
and d other eigenvectors, close to the subspace generated by the (0,e*), that will each 
contribute a factor of order {\t — s\^^'^ + \x — y\)~^~^ to the product. Note that if we do not 
distinguish between these two types of eigenvectors, but simply bound below the product 
by the smallest eigenvalue to the power 2d, following the approach used in the proof of 
Proposition 14. 2^ then we would obtain C{\t — s\^^'^ + \x — y\)~'^^^ in the right-hand side of 
(|6.7p . which would not be the correct order. 

We now carry out this somewhat involved perturbation argument. Consider the spaces 
El = {{X,0) : X e R'^, G M.'^} and E2 = {{0 , fi) : fi e R'', G M'^}. Note that every f can 
be written as 

e = iXi,f,i) = a,(V, 0) + ^l-a2 (0, fl'), (6.10) 

where Xi,i2i G R'^, (A',0) G Ei, (0,/!*) G E2, with ||A'|| = \\fl'\\ = 1 and < a,/ < 1. Note 
in particular that = ||Aj|p + = 1 (norms of elements of R'^ or M^"^ are Euclidean 

norms). 

Lemma 6.8. Given a sufficiently small oq > 0, with probability one, there exist at least d 
of these vectors, say S},...,^'^, such that ai > ao, ...,ad > ao- 

Proof. Observe that as ^ is an orthogonal family and for i ^ j, the Euclidean inner product 
of ^* and is 

e ■ e = a^aj (V • V) + ^l-af^l-af (/i' • fi') = 0. 
For ao > 0, let = G {1, 2d} : ai < ao}- Then, for i,j £ D, i ^ j, if ao < |, then 

lA^ • A^l = , |A' • P| < :r^||A^||||V|| < \al 

Since the diagonal terms of the matrix (/i* • jl^)ij(z£) are all equal to 1, for ao sufficiently 
small, it follows that det((/x* •/i-')jjgi5) / 0. Therefore, {/x*, i G D} is a linearly independent 
family, and, as (0,/i*) G E2, for i = 1, ...,2d, we conclude that a.s., card(D) < dim(i?2) = d. 
We can therefore assume that {1, ...,d} C D'^ and so ai > ao,...,ad > ao- □ 



By Lemma 16.81 and Cauchy-Schwarz inequality one can write 

d 



E[(det7z) 



-pi i/p 



< E 



-2p-| N l/{2p) 



X E 



-2dp- 



inf C^^zC 

, = (A,M)eIR2d: 

\I|a|P+||mIP=i 



l/(2p) 



With this, Propositions 16.9 1 and 16.15] below conclude the proof of Proposition 16. 6i 



□ 
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6.4.1 Small Eigenvalues 

Let I and J two compact intervals as in Theorem ll.il 

Proposition 6.9. Fix 7],T > 0. Assume PI and P2. 

(a) There exists C depending on t] and T such that for all s,t £ I, < t — s < 1, x,y £ J, 
X ^ y, and p > 1, 



E 



-2dp- 



inf (^IzC 
L MiAf =1 



< C{\t- s\^/^ + \x-y\) 



-2dp{l+j?) 



(b) There exists C depending only on T such that for alls = t£l,x,y£j,x^y, and 
p>l, 



E 



-2dp- 



inf ^'^^z^ 

5=(A,^t)eR2d: 
,|1A1|2 + ||H|2=1 



<Ci\x-y\) 



-2dp 



Proof. We begin by proving (a). Since 7^ is a matrix of inner products, we can write 
eizC = Yl r^r t dv(Y, (A,Z)g(n(5,y))+/.,(Z?(gKt,x))-I)(g(n(.,y)))~ 

(^izi >Jl + J2, 



Therefore, for e G (0, t — s 
where 



Ji := ^ y dr J dv ( ^("^^ ~ i'^s-riv, v)aik{u{r, v)) + ai{k, r, v, s, y)] + Wj 

d r-t r-1 

J2 := V / dr dvW^, 



ai{k,r,v, s,y) is defined in (|4.3p and 



ly := ^ [HiGt-rix, v)aikiu{r, v)) + ^iai{k, r, v, t, x)] . 



i=l 



From here on, the proof is divided into two cases. 

Case 1. In the first case, we assume that |x — < t — s. Choose and fix an e G (0, t — s). 
Then we may write 

inf ^^7zC ^ TiivcL ( inf J2 , inf Ji I . 

11511=1 Viieii=i,iiHi>^''/2 m\=-^M\<^^'^ J 
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We are going to prove that 



inf J2 > £3+'? - Yi 

ll?ll=i,IIHI>^''/2 

inf Ji > e^/^ _ y 
IISII=i,IImII<^''/2 



(6.11) 



where, for all q > 1, 



E[|yi,.|^] <ci(g)e« and E[\Y2,,\''] < C2{q)€ 



(6.12) 



We assume these, for the time being, and finish the proof of the proposition in Case 1. Then 
we will return to proving (|6.1ip and (j6.12p . 

We can combine (16. lip and ()6.12p with Proposition 13.51 to find that 



E 



inf (^jzS, ] 
I1CI1=1 J 



-2pd 



< c{t - s) 



< c 



-2pda+ri) 



{t - s)^/^ + \x-y\ 



-2pd(l+27?) 



whence follows the proposition in the case that \x — < t — s. Now we complete our proof 
of Case 1 by deriving (j6.1ip and (j6.12p . 

Let us begin with the term that involves J2. Inequality (j4.4p implies that 



inf J2 > Yi,, - n,,, 

IICII=l,llMll>f"/^ 



where 



d ..t ,.l / d 

inf > / dr I dv \y 

\>^^^^tJ^-e Jo {tl 

d „t p1 / d \ 

) / dr dv \ y2fJ'tai{k,r,v,t,x)] 

v/2fTiJt-e Jo / 



2 



Fi^e := 2 sup 

ilMil>^ 

In agreement with hypothesis P2, and thanks to Lemma 17.21 

Yi,>c inf ||^|Pei/2 > 

||At||>el/2 

Next we apply Lemma [6.111 below [with s := t] to find that E[|yi ,;|''] < ce''. This proves the 
bounds in (j6.1ip and (j6.12p that concern J2 and Yi^f. 

In order to derive the second bound in ()6.1ip . we appeal to (14. 4p once more to find that 



inf Ji > Y2,, - Y2,,, 

11511=1, IIm1I<^"/2 



where 



2 

inf V/ dr dv iS^iXi - m)crikiu{r,v)) ] G^„^(y,u), 
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and 
where 



Y2,e ■■= 2 {Wi + W2 + W3) 



Wi:= sup / dr dv f^iGt-r{x,v)aik{u{r,v)) 

VF2 := sup / dr dv [ ^^(Ai - fii)ai 

m\=it^iJs-e Jo 



{k,r,v,s,y) 
2 



W: 



3 ■ = 



d ,.s ,-1 / d \ 

sup / dr dv i y ^ fiitti^k, r, t>, t, x) 



Hypothesis P2 and Lemma 17.21 together yield 

Next, we apply the Cauchy-Schwarz inequality to find that 

d ^1 d 

E[\Wi\'^]< sup ll/uf^xE 



(6.13) 



||/i||<e''/2 



r dr f dvY^{aik{u{r,v))fGl 

^ / dr dvGl_j.{x,v) 
k=iJs-e Jo 



{x,v) 



thanks to hypothesis PI. In light of this, Lemma [73] implies that E < ce^''^"'"^^ 

In order to bound the q-ih. moment of IVF2I, we use the Cauchy-Schwarz inequality 
together with hypothesis PI, and write 



E[|W2|'']< sup ||A-/if«xE 

||^il|<e''/2 



< CE 



rs rl ^ 

^ / dr du^af(/c,r,?;,s,y) 
f,^^Js-e Jo 

^ / dr dv'y2<^'iik,r,v,s,y) 
i^^^Js-e Jo -^-^ 



We apply Lemma [5.111 b elow [with s := t] to find that E [IW2I''] < ce'^- 
Similarly, we find using Lemma [6 . 1 1 1 that 



ps pi _ ^ _ 

/ dr dvS2af{k,r,v,t,x) 
Js-€ Jo ~[ 



k=l 



E[|iy3r]< sup ll/if^xE 

||Atj|<e''/2 

< ce^" {t-s + e)9/2e9/2 

The preceding bounds for Wi, W2, and VF3 prove, in conjunction, that E[|l2,e|'^] < 
C2(g)e'^^2+''). This and ()6.13p together prove the bounds in ()6.1ip and (|6.12p that concern 
Ji and I2 e, whence follows the result in Case 1. 
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Case 2. Now we work on the second case where |x — y| > t — s > 0. Let e > be such 
1 1 

on later. Then 
where 



that (1 + a) 6"*^/^ < — y|, where a > is large but fixed; its specific value will be decided 

e^Tze >h + h + i3, 



dr dv (^1 + , 



^ Ct fX + y^ 



J2 / dv^i, 

k = l •^(t~f)VS Jx-y^ 



and 



^1 := ~ [Gs-riy, v)ai^kiu{r, v)) + ai{k, r, v, s, y)] 

i=l 
d 

5^2 ■■= X^^i [Gt-rix,v)aik{u{r,v)) + ai{k,r,v,t, x)] . 



1=1 

From here on, Case 2 is divided into two further sub-cases. 



Sub- Case A. Suppose, in addition, that e >t — s. In this case, we are going to prove that 

inf e"^7ze > ce^/' - (6.14) 



where for all g > 1, 
Apply to find that 

where 
Ai : 



E[|Zi,,r] <c(g)e39/^ (6.15) 



h>lA,-B['^-Br\ 



= Y dr dv {"^KXi - iJi)Gs-r{y,v) + iJ.iGt^r{x,v)]aik{u{r,v)) \ , 

b[^^ ■= 4\\X-nfJ2[ dr r^"^ dvYa^{k,r,v,s,y), (6.16) 
:= 4||/.f^ r r^'^dt;^a2(A:,r,^;,t,x). (6.17) 
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Using the inequality 



2 

(a - bf > -c? - 2ab, (6.18) 
3 



we see that 



where 



^1 := ^ / dr dv I ^(Aj - fii)Gs-r{y,v)(7ik{u{r,v)) 

Bf := 2 / dr \ dv[ ^(A^ - iii)Gs-r{v. v)ai^{u(T, v)) 

X i^^2^iiGt-r{x,v)aik{u{r,v))^ . 

We can combine terms to find that 

9 

We proceed in hke manner for /2, but obtain shghtly sharper estimates as follows. Owing 
to ([638]) . 



where 



2 

^2 := ^ / dr j dv{ ^ i.iiGt-.r{x,v)aik{u{r,v)) 
^2 •= 2^ / c^?" / fiiGt-rjx, v)aik{u{r, v)) 



d 



^2 •= 2^ / * / rf-f ^/iiGt_r(x,i;)crifc(n(r,'(;)) 

X ^^(Aj - /ii)aj(A;,r,?;,s,y)j 
2^/ dr / dt; ^/XiGt_r(x,t;)cTiA;(u(r,f)) 



r(3) 
-°2 



X^(Ai - fJ.i)Gs-riy, v)aik{u{r, v)) 
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Finally, we appeal to (j4.4p to find that 



I3 > -^3 - ^3, 



where 



A. 



d ft 

E / 

k=l hi-^)^s 



2V / dr 



B3 

By hypothesis P2, 

Ai + A2 + A3> p"^ i \\X- fif 



/ dv i'^fiiGt-rix,v)aik{u{r,v)) 



(6.19) 



dr / dvG\_^{y,v) 

s — e Jy—'/t 

+ 11^11^ / dr \ dvGf_^{x,v) 

-e Jx — y/e 
ft rx+y^ \ 

+ ll/if dr dvGt_^{x,v) . 

J s J x—\fk J 

Note that we have used the defining assumption of Sub-Case A, namely, that e > t — s. 
Next, we group the last two integrals and apply Lemma 17.21 to find that 



Ai + ^2 + ^3 > C ( ||A - /if 6^/2 ^ ||^||2 I 
y Jt-e Jx 



x+y/e 



dv Gf_^{x, v) 



>c(||A-/.f + |HP).V2 



(6.20) 



We are aiming for (|6.14p . and propose to bound the absolute moments of -82*^, 
i = 1,2,3 and B^, separately. According to Lemma 16.111 below with s = t, 



E 



sup iBsl" 



Next we bound the absolute moments of i?]; , i = 1,2,3. Using hypothesis PI and 



(6.21) 



Lemma I6.1H with t = s, we find that for all g > 1, 



E 



sup 

ll?il=i 



B 



(1) 



In the same way, we see that 



E 



sup 



B 



(2) 



< c(t-s + e)«/V/2. 



(6.22) 



(6.23) 
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We are in the sub-case A where t — s < e. Therefrom, we obtain the fohowing: 



E 



sup 

ll«ll=i 



B 



(2) 



(6.24) 



(3) 

Finally, we turn to bounding the absolute moments of . Hypothesis PI assures us 



that 



(3) 



< c / dr 



1 



dv Gs^r{y,v)Gt-rix,v) 



<c dr dvGs-r{y,v)Gt-r{x,v) 



drG 



t+s~2r 



ix,y), 



thanks to the semi-group property WALSH |W86[ (3.6)] (see ()6.44p below). This and Lemma 
17.11 together prove that 

|2 



B 



(3) 



< C 



< c 



du 



yjt- S + 2u 

du 

yjt- S + 2u 



exp 



exp 



F - y\ 



2{t-s + 2u) 
'2{t-s + 2u) 



since |x — y| > 2(l + a)e^/^ > ae^/^. Now we can change variables [z := 2{t — s + 2u)/{a^e)], 
and use the bounds 0<t — s<eto find that 



(3) 



< ce^/^<I'(Q;), where ^'(a) := a / 

Jo 



z-'/^-'/'dz. 



Following exactly in the same way, we see that 



B. 



(3) 



< ce^/2^(Q). 



We can combine (|6.22p . (|6.24p as follows: 



E 



sup 

iieii=i 



W , r(2) 



B{'' + B 



On the other hand, we will see in Lemmas 16.131 and 16. 141 below that 



E 



sup 



3g/4 



(6.25) 



(6.26) 



(6.27) 



(6.28) 



Now, by dOO]) . (lOTTl . (lOSll . m?m . m?m and (lOHD . 
inf ^"'"tzC 



> (^^^1 + ^2 + ^3 J - i?f ^ - - ( B\'> + i^r^ + B\'> + S 

> _ c2^'(a)eV2 _ ^^^^^ 



(1) ^ r(2) ^ r(1) j_ r{2) 
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where Zi,, := b[^^ + ^ + b!^^^ + ^ + ^3 satisfies E[|Zi,,|9] < ci{q)e^i/^. Because 
lirrii/^oo ^(z^) = 0, we can choose and fix a so large that C2^{a) < ci/4 for the ci and C2 of 
the preceding displayed equation. This yields, 



inf e"'7ze > ceV2 _ 
lfll=i 



(6.29) 



as in (lerill and (16131) . 



Sub- Case B. In this final (sub-) case we suppose that e<t — s<|x — yp. Choose and fix 
< e < f — s. During the course of our proof of Case 1, we established the following: 

inf (^-izi > min f ce5+'' - Yi^, , ce^/^ _ 



where 



E[|yi,.r] <c(g)e« and EHY^^^l"] < c{q)e' 



2,e ) 



<3{H'7) 



See (16. lip and (j6.12p . Consider this in conjunction with (j6.14p to find that for all < e < 



|(l + a)-2|x-y|2, 



inf^e^7ze > min (ce^+'' - Yi,, , ce^/^ - Y^,, - . 



m 

Because of this and (16.150 , Proposition 13.51 implies that 

-2pd 



E 



inf C"^7zC 

IICIl=i 



< c\x — y 



<ci\t 



2(-2dp)(|+»7) 



1 1/2 



+ \x-y\ 



-2dp{l+2ri) 



This concludes the proof of Proposition 16. 9l f a). 

If t = s, then Sub-Case B does not arise, and so we get directly from (j6.29p and 
Proposition 13.51 that 

-2pd' 



E 



< c\x — y\ 



-2dp 



This proves (b) and concludes the proof of Proposition 16.9 



□ 



Remark 6.10. If a and b are constant, then Oj = 0, so 77 can be taken to be 0. This gives 
the correct upper bound in the Gaussian case, which shows that the method of proof of 
Proposition 16.91 is rather tight. 



We finally prove three results that we have used in the proof of Proposition 16.91 

Lemma 6.11. Assume PI. For allT > and q >1, there exists a constant c = c{q,T) G 
(0, 00) such that for every 0<e<s<t<T and x S [0, 1], 



E 



'' d ..s ,.i d \' 

^/ dr dv '^aj{k,r,v,t,x)\ 



<cit-s + efl'e 



q/2^q/2 
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Proof. Define 



Use (jl3D to write 
where 



XI / dv'^af{k,r,v,t,x). 
^^^Js-e Jo ^^-^ 

EO^I"] <c(E[|^i|5]+E[|A2|^]), 



^1 ■= ^ I dr I dv 

i,j,k=l 



s-e JO 



ff 

Ir Jo 



and 



^ pS f'l ft f'l 

^2 := V / dr dv de d7]G 

j l^^l J s-e Jo Jr Jo 



t-e{x,v)D^J:Hh{u{e,v))) 



We bound the g-th moment of Ai and A2 separately. 

As regards Ai , we apply the Burkholder inequality for Hilbert-space- valued martingales 
(Lemma I7.5|) to find that 



E[|^i|«]<c V E I de f dr] f dr f dvQ 
i,j,k=i L^-. ^0 Js-e Jo 



where 



(6.30) 



< cl{gyr}Gt-eix,v) 



1=1 



thanks to hypothesis PI. Thus, 

d 



E[|^ir] <c^E 



k=l 



de / dr,Gte{x,il) / dr dv J] (tx^^, ??)) 

Jo Js-e Jo \l=l 



-e JO 



rsA0 i-l 
dr I 

Is-e Jo 



We apply Holder's inequality with respect to the measure Gf_g{x, rf) de dr] to find that 

-e Jo 



E[|Air]<c( / de [ dr]Glg{x,7]) 

\Js-e Jo 

de ['dvGle{x,v)Y.^ 

^ k=i 



sA9 rl 

dr 1 dv 
s-e Jo 



(6.31) 



where T := X]f=i D'>^y{ui{e, r])). Lemma [731 assures us that 



(^^ de dr]Gl_e{x,r])^ < c(t - s + e)^^-^)/^^ (6.32) 
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On the other hand, Lemma 17.51 imphes that 



EE 

k=l 



sAd rl 



dr / dv 



< ce 



q/2 



where c G (0, oo) does not depend on 77, s, t, e, a;). Consequently, 



de f\r^GU{x,v)iZ^ 

Js~e JO 



sAe rl 



dr / dvT'^ 



(6.33) 



<ce^/2(t_5 + e)i/2. 

Equations (|6.3ip . (j6.32p . and (|6.33p together imply that 

E[|^i|^] < c(t - s + e)«/2e9/2^ 



(6.34) 



This is the desired bound for the g-th moment of Ai. Next we derive a similar bound for 
A2. This will finish the proof. By the Cauchy-Schwarz inequality 



EO^al"] < c(t-s + e)9 V E / dr [ dv [ d9 [ d7]^ 

j j^^l I J s-e Jo Jr Jo 

where <I> := Gt~e{x, r/)|Z)rf); {bi{u{6, 77))) |. From here on, the g-th moment of A2 is estimated 
as that of Ai was; cf. ([630]) . and this yields E[|A2|''] < c{t - s + tf^l'^til'^. This completes 
the proof. □ 

Remark 6.12. It is possible to prove that E[|Ai|] is at least a constant times (t— s+e)^/^e^/^. 
In this sense, the preceding result is not improvable. 

Lemma 6.13. Assume PI. Fix T > and q > 1. Then there exists c = c{q,T) such that 
for all X e [0,1], < s < t < T , and e e (0, 1), 



E 



sup 

:||mII<i 



B. 



(1) 



< ce 



3g/4 



Proof. Define 



' s — e Jx — y/t 

Then, by the Cauchy-Schwarz inequality. 



dr j dv Gt-r{x,v)\ai{k,r,v,t,x)\ . 



E 



Bi'\k,i) 



< J1J2, 



(6.35) 
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where 



J^ 



1 •- 



■h :=E 



dr 



q/2 



s /•x+^ 

dr / 

s—t Jx—sfi 



dv G1_j.{x, v) 



q/2 



dv af{k, r, v, t, x) 



On one hand, according to Lemma 17.41 



Ji < c- 



'{t-s + e)i/^' 
On the other hand, Lemma 16.111 assures us that 

J2<c'{t-s + ey/^e'^/\ 



(6.36) 



(6.37) 



By combining (1635]) . UjGMh . and dOT]) . we find that E[\B!^^\k,i)\i] < ce'il'^ for a constant 
c G (0,cxd) that does not depend on e. By hypothesis PI, 



E 



sup 

ImII<i 



(1) 



fe=i 



4 = 1 



as asserted. 



(6.38) 



□ 



Lemma 6.14. Assume PI. Fix T > and g > 1. T/ien there exists c = c{q,T) such that 
for any X £ [0,1], < s <t <T, and e e (0, 1), 



E 



sup 

5=(A,/^)6M2d; 11^11=1 



B. 



(2) 



< C€ 



3g/4 



Proof. Define 



5f (fe,i) : = 



s px+^ 
dr 



Then, by the Cauchy-Schwarz inequahty. 



dv Gt-r{x, v) \ ai{k, r, v, s, ; 



E 



Bi'\k,z) 



where 



J2 :=E 



dr 



s — e Jx — ^fi 



x+^/e 



q/2 



dv Gf_^{x, v) 



dr 

s—e J x~ 



q/2 



dv a'^{k, r, v, s, y) 
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According to ()6.36p . 



Ji < c- 



^9/2 



■(t-s + e)'?/4 

On the other hand, Lemma [6. Ill with t = s, assures us that J2 < c"e'^^^. It follows that the 
q-th absolute moment of B^\k,i) is at most ce^"?/^. An appeal to the triangle inequality 
finishes the proof; see ()6.38p where a similar argument was worked out in detail. □ 

6.4.2 Large Eigenvalues 

Proposition 6.15. Assume PI and P2. Fix T > and p > 1. Then there exists C = 
C{p, T) such that for all < s < t <T with t — s < ■^j x,y & [0,1), x 7^ y, 



E 



i=l 



<c, 



where are the vectors from LemmaW. 

Proof. Let written as in (j6.10p . be such that ai > ao,...,ad > ao for some 

ao > 0. In order to simplify the exposition, we assume that 0<a = ai = -- - = arf<l, 
since the general case follows along the same lines. Let 0<e<s<t. As in the proof of 
Proposition 16.91 we note first that Y]^=i{CYlzC is bounded below by 



1^ i-s (-1 ( r / 



aA*Gs_r(y,f) 

+ /iVl - (Gt~.rix,v) - Gs-r{y,v))^aik{u{r,v)) 
+ a}J'ai{k,r,v,s,y) 

\ 2 

+ /i*\/l — iai{k, r, v, t, x) — ai{k, r, v, s, y)) 

d ft ,A / d 



(6.39) 



+ V / dr f dviy^ 

k^^JsVit-e) Jo V^^i 



/uVl - Gt-r{x,v)aik{u{r,v)) 



+ /i*\/l — ai{k, r, v, t, x) 



We intend to use Proposition 13.51 with eq > fixed, so we seek lower bounds for this 
expression for < e < eo- 



Case 1. t — s < €. Then, by ()4.4p . the expression in (j6.39p is bounded below by 
2 ~ 

o{fi{s,t,e,a,X,il,x,y) + f2{s,t,e,a, X, jl,x,y)) - 21^, 
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where, from hypothesis P2, 

fl > cp" 



/ dr j dv a\Gs~r{y-,v) + yl — oP' jl{Gt- 
Js-e Jo 



~{x,v) - Gs-r{y,v)) 



f2 > Cp' 



dr / dv 







IsV(t-e) 

and le = h,e + h,t + h,e, where 



- a2 Gt-r{x,v) 



(6.40) 
(6.41) 



ai{k,r,v,s,y) 

2 



V / dr f dv \ Y\ [aA^ - 

/ dr j dv ['S^pi^fl^^oP' ai{k,r,v,t,x)\ , 

d nt r-l f <l 



ai{k, r, t, x) 



There are obvious similarities between the terms Ii^^ and B^^ in (j6.16p . Thus, we apply 
the same method that was used to bound E[|5f V] to deduce that E[|7i,,|''] < c(g)e'?. Since 
/2,e is similar to B\ from ()6.17p and t — s < e, we see using (16.241) that E[|l2,e|'^] < c{q)e'^. 
Finally, using the similarity between la^^ and in (j6.19p . we see that E[|/3^e|''] < c{q)e^ . 
We claim that there exists oq > Oi co > and cq > such that 



(6.42) 



/i +/2 > coVe for ah a £ [ao,l], e e (0,eo], s,te [1,2], x,y e [0,1]. 
This will imply in particular that for € >t — s, 

n(e)Sze>coei/2-2i„ 

i=l 

where £[1/^1"] < c(g)e'?. 

In order to prove (j6.42p . first define 

pt{x,y) := (47rt)-i/2e-("-^)'/(4*). 

In addition, let gi{s,t, e,a, X, p,x,y) and g2{s,t, e,a, X, il,x,y) be defined by the same ex- 
pressions as the right-hand sides of (j6.40p and (|6.4ip . but with Gs-r{x,v) replaced by 
Ps~r{x - v), and replaced by . 

Observe that gi > 0, 52 ^ 0, and if gi = 0, then for all v G M'^, 



aps-r{y - v)\ + O? {pt-r{x - v) - Ps-r{y - v))fl 

If, in addition, \ = fl, then we get that for all v G M*^, 

a — \/l — ) Ps-r{y — v) + — 0?pt-r{x — u) = 



0. 



(6.43) 
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We take Fourier transforms to deduce from this that for all ^ G 



If X = y, then it follows that s = t and a — \/l — = — \/l — a^. Hence, if a 7^ 0, x = y 
and X = fl, then > 0. We shall make use of this observation shortly. 
Because ||A|| = = 1, /i is bounded below by 

cp^ dr dv(a^Gl_^{y,v) + {l - a^) {Gt-r{x,v) - Gs-r{y,v)f 

J s-e Jo \ 

+ 20^/1 -a2G,_,(y, v){GtMx, v) - v))CX ■ /l)^ 

= cp2^ dr^ dv(^(^a-Vl- a"^) ^ G'l_,.{y, v)) + {l - a^) v) 



+ 2 



+ 2a\/l - Q2Gs-.r(y,v)(Gt_,.(x,w) - Gs-r(y,t'))(A • /i - 1) 
Recall the semigroup property 

Gs-r(y, f = Gs+t_2r(a;, ?/) (6.44) 



(see Walsh |W861 (3.6)]). We set /i := i — s and change variables [r := s — r] to obtain the 
following bound: 

fi>cp^j dr ^(^a - 1 - a^^ G2r{y,y) + {l-a^)G2h+2r{x,x) 

+ 2 [a- \/l -a2) Vl - a2G/,+2r(x, y) 

+ 2a Vl - a2(G,,+2r(x, y) - G2r(y, y)) (A-/i-l)^. 

Recall C |W86l p.318]), that 

Gt(x,y) =pt{x,y) +Ht{x,y), 

where Hf{x,y) is a continuous function that is uniformly bounded over {t,x,y) £ (0, co) x 
(0, 1) X (0, 1). Therefore, fi > cp^gi — ce, where 

91 ■= 9i{h,e,a,X,fl,x,y) 

dr(j^a- \/l - P2r{y,y) + (l - a^) P2h+2r{x,x) 



+ 2\^a- Vl - a^j y/l^^ph+2r{x, y) 

+ 2a\/l - (ph+2r(a;, y) - P2r(y, y)) (^A • /i - 
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We can recognize that 

/ , , , exp(-(x-y)V(4(/i + 2r))) 1 

Ph+2r{x,y) -P2r{y,y) = //rrrh — " /tttt ^ °- 

Also, A • /z — 1 < 0. Thus, 

51 > 51, 



where 



91 ■= 9i{h,e,a,x,y) 

(2 
(^a - a/i - P2r(y,y) + (l - a^)p2h+2r(a;,x) 



+ 2 



Therefore, 



51 



Jo V ^ ' y/Mh 



+ 2{a - \J\- a^)\J\ - a'^ph+2r{x, y)^ ■ 
On the other hand, by ()6.44p above, 

/.€A(t-s) 

/2> / dr{l-a^)G2r{y,y) 
Jo 

reAh 

> 52 := / dr (l - a^) p2r(y, y) - Ce 
Jo 

= (l-a^) Ve A /i - Ce. 

Finally, we conclude that 

/i + /2 > 51 + 52 - 2Ce 

2 l-a2 



+ 2 (^a - \/l - a2^ \/l - a2 y drph+2r{x,y) 

l-a2 , 

a/2^ 



Now we consider two different cases. 

Case (i). Suppose a — \/\ — o? > 0, that is, a 

e'^/' (51 + 52) > 01 (a,^)-2CeV2, 
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where 



Clearly, 

Vl-a2)Vco(l-a2) 



inf inf ((>i{a,z) > inf 



> 00 > 0. 

Thus, 

^ inf e"'/'(5i+52) >0. 

Case (ii). Now we consider the case where a — \/l — a"^ < 0, that is, a < 2~^/^. In this 
case, 



where 



V'i(a , z) := 1_ ( — \/l — a^^ + (l ~ ^t^) 



27r y ^ / ^ VI + 2: + ^/z 

- 2 ( Vl-a^ - a) Vl-a2— ^ + (l - a^) VTT^] . 

V / V2TI+Vi ^ ^ J 

Note that V'i(Q!,-z) > if a 7^ 0. This corresponds to the observation made in the lines 
following (j6.43p . Moreover, for a > oq > 0, \imziotpi{a, z) > (27r)^-'^/^aQ, and 



Therefore, 



lim iJiia , z) > inf ^= ((a- \fV^^f + (l - a^) ) > 0. 



inf , z) > 0. 

ae[ao,2-l/2],2>0 



This concludes the proof of the claim (j6.42p . 

Case 2. t — s > e. In accord with (|6.39|) . we are interested in 

d 

inf n (f )^7zr := min(Ei,„S2,.), 

j=l 

where 

:= inf lzi\ 
E2,, := inf n(^')"'7zr. 
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Clearly, 



El,e > -/2-2/3,.. 



Since a < yT^-^ is equivalent to y/l — a"^ > e''/^, we use hypothesis P2 to deduce that 
/2>cp2e'?/ dr dvGf_^{x,v) >cp'^e^+'^. 

Jt-e Jo 

Therefore, 

and we have seen that I^^^ has the desirable property E [|/3,e|''] < c{q)e'^. 
In order to estimate i?2,e) we observe using (j6.39p that 



where 



x,v), 



/i>a^J]y dr dv \\2~X'aikiu{r,v))j G^,_,,{y,v 

d d ^ 

Ji,, = 2 (1 - a2) ^ r dr I dv {Y,h'yik{u{r,v))\ G^A 
J2,e = 2(l-a^)Y^^J dr dv \S2piCrikiu{r,v))\ Gl_,.{y,v), 
Js,, = 2^/ dr j dv (aA' - /2i\/l - g^j ai{k,r,v, s,y) , 

2 

= 2 (l - a^) dry ( ^/liai(A;,r,'u,t,x)J . 

Because > 1 — and e < i — s < ^, hypothesis P2 and Lemma [7.21 imply that /i > ce^/^. 
On the other hand, since e'', we can use hypothesis PI and Lemma [7.41 to see that 

and similarly, using Lemma 173} E[| J2,e|'^] < c(g)e^2^''^'^. The term J^^^ is equal to 2/i^e, so 
E[| Js^el'^] < ce'') and Ji^s is similar to from (j6.17p . so we find using (j6.23p that 



E 



4,e 



We conclude that when t - s > e, then £'2,e > ce^/^ - J^, where E[| J^]^] < c(g)e'^2+'')9. 
Therefore, when t — s > e, 

d 

inf TT {ey^zC > min f cp^el+'J - /g^, , ce^ - I 
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Putting together the results of Case 1 and Case 2, we see that for < e < ^, 

d 

inf n iCV^ze > min (cph'2+^ - I3,., ce^ - 2/,l{.>t-.} - Jel{e<t-s} 

We take into account the bounds on moments of I^^^, 1^ and J^, and then use Proposition 
13.51 to conclude the proof of Proposition I6.15[ □ 

7 Appendix 

On several occasions, we have appealed to the following technical estimates on the Green 
kernel of the heat equation. 

Lemma 7.1. [BP981 (A.l)] There exists C > such that for any < s < t and y G [0, 1], 

Xy^y, 

Gt-s{x,y) < C — l^ =exp ^ 



\/27r(t - s) V 2(t-s) 
Lemma 7.2. |BP98t (A. 3)] There exists C > such that for any t > e > and x G [0, 1], 

rt i-x+^/l 
lt~e Jx-y^ 



/ / Gts{x,y)dyds>C^e. 

Jt~t J X—xfl 



Lemma 7.3. |BP98t (A. 5)] There exists G > such that for any e>0, q<^,t>e and 
XG [0,1], 

rt rl 

Gtl,{x,y)dyds < Ce^/^"'?. 



It-e JO 

Lemma 7.4. There exists C > such that for all < a < b and x G [0, 1], 



b r-l 

/ Gi{x,y)dyds<C 

a Jo 



2. ^ . , . ^ b-a 



Vb + ^/a 

Proof. Using Lemma \77\] and the change of variables z = we see that 

pb pi pb poo -1 

/ / Gl{x,y)dyds <C / -^e~''' dzds 

J a Jo J a J~oo V ^ 

= C t ^ds = 2CiVb - V^), 

Ja VS 

which concludes the proof. □ 

The next result is a straightforward extension to d > 1 of MORIEN [M981 Lemma 4.2] 
for d = 1. 
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Lemma 7.5. Assume PI. For all q > 1, T > there exists C > such that for all 
T>t>s>e>OandO<y<l, 



k=l 



dr / dv 
lo 



1=1 



2\ <?■ 



The next result is Burkholder's inequality for Hilbert-space-valued martingales. 

Lemma 7.6. |BP98[ eq.(4.18)] Let Hs,t he a predictable L'^{{[Q,t] x [0, l])'^)-valued process, 
m > 1. Then, for any p > 1, there exists C > such that 



E 



t /.I 



([0,i]x[0,l])'" V-'O JO 
t rl 

< CE " 



Hs,y{a)W{dy,ds) da 



JQ \J([0,i]x[0,l])' 



Hg y{a)da j dydt 



Acknowledgement. The authors thank V. Bally for several stimulating discussions. 



References 

[BMS95] Bally, V., Millet, A. and Sanz-Sole, M. (1995), Approximation and sup- 
port theorem in Holder norm for parabolic stochastic partial differential equations. 
The Annals of Probability, 23, 178-222. 

[BP98] Bally, V. and Pardoux, E. (1998), Malhavin calculus for white noise driven 
parabolic SPDEs, Potential Analysis, 9, 27-64. 

[DN04] Dalang, R.C. and Nualart, E. (2004), Potential theory for hyperbolic SPDEs, 
The Annals of Probability, 32, 2099-2148. 

[DKN07] Dalang, R.C, Khoshnevisan, D. and Nualart, E. (2007), Hitting prob- 
abilities for systems of non-linear stochastic heat equations with additive noise. 



Submitted for publication. See http:/ / arxiv. org /pdf /math. PR / 070271 0[ 



[K85] 
[K02] 
[K03] 



Kahane, J. -P. (1985), Some random series of functions, Cambridge University 
Press. 

Khoshnevisan, D. (2002), Multiparameter processes. An introduction to random 
fields. Springer- Verlag. 

KOHATSU-HiGA, A. (2003), Lower bound estimates for densities of uniformly 
elliptic random variables on Wiener space, Probab. Theory Related Fields, 126, 
421-457. 



[M98] MORIEN, P.-L. (1998), The Holder and the Besov regularity of the density for 
the solution of a parabolic stochastic partial differential equation, Bernouilli, 5, 
275-298. 



50 



[MT03] Mueller, C. and Tribe, R. (2002), Hitting properties of the random string. 
Electronic Journal of Probability, 7, 1-29. 

[N94] NUALART, D. AND Pardoux, E. (1994), Markov field properties of solutions 
of white noise driven quasi-linear parabolic PDEs, Stochastics and Stochastics 
Reports, 48, 17-44. 

[N95] NuALART, D. (1995), The Malliavin calculus and related topics. Springer- Verlag. 

[N98] NuALART, D. (1998), Analysis on Wiener space and anticipating stochastic calcu- 
lus, Ecole d'Ete de Probabilites de Saint-Flour XXV, Lect. Notes in Math. 1690, 
Springer- Verlag, 123-227. 

[S05] Sanz-Sole, M. (2005), Malliavin calculus with applications to stochastic partial 
differential equations, EFFL Press. 

[W86] Walsh, J.B. (1986), An Introduction to Stochastic Partial Differential Equa- 
tions, Ecole d'Ete de Probabilites de Saint-Flour XIV, Lect. Notes in Math., 1180, 
Springer- Verlag, 266-437. 

[W84] Watanabe, S. (1984), Lectures on Stochastic Differential Equations and Malli- 
avin Calculus, Tata Institute of Fundamental Research Lectures on Math, and 
Physics, 73, Springer- Verlag, Berlin. 



51 



